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Two-component Gibbs sampling

Two component Gibbs sampler

Suppose our target distribution is p(6|y) with 6 = (61, 62) and we can
sample from p (61|62, y) and p (62|61, y). Beginning with an initial value

(9§0),9§0)), an iteration of the Gibbs sampler involves
1. Sampling QY) ~p (91|9£t_1)>)/>-
2. Sampling Gy) ~p (92|9£t)7)/)-
Thus in order to run a Gibbs sampler, we need to derive the full

conditional for 81 and 605, i.e. the distribution for 61 and 6> conditional on
everything else.
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R GET
Bivariate normal example

Let our target be

_| 1
6~ N>)(0,5) ¥= [ ) ]
Then
61162 ~ N (pba, [1 — p?])
62161 ~ N (pby,[1— p?])

are the conditional distributions.
Assuming initial value (9?,68), the Gibbs sampler proceeds as follows:

Iteration Sample 0, Sample 6,

1 o ~ N (03,11 p?]) 08 ~ N (oY, [ 2])

£ 00~ N (08 =) 0~ N (ool [ - )
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Two-component Gibbs sampling Bivariate normal example

R code for bivariate normal Gibbs sampler

gibbs_bivariate_normal = function(thetal, n_points, rho) {
theta = matrix(thetaO, nrow=n_points, ncol=2, byrow=TRUE)
v = sqrt(1-rho~2)
for (i in 2:n_points) {
theta[i,1] = rnorm(1, rhoxthetali-1,2], v)
theta[i,2] = rnorm(1, rhoxthetali ,1], v)

return(theta)

}

theta = gibbs_bivariate_normal(c(-3,3), n<-20, rho=rho<-0.9)
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Two-component Gibbs sampling Bivariate normal example

8,
0
|

NECIDBENS
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Two-component Gibbs sampling Normal model

Normal model

Suppose Y; i N(u,?) and we assume the prior

u~ N(m,C) and o? ~ Inv-x3(v, s%).

Note: this is NOT the conjugate prior.

The full posterior we are interested in is

p(p:o?ly) o< (%)% exp (=52 (X1, (vi = 1)?) exp (=3¢ (1 — m)?)
X(UZ)f(v/ZJrl) exp (_%
To run the Gibbs sampler, we need to derive
@ ulo?,y and

® o’lu,y
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Two-component Gibbs sampling Normal model

Derive pi|o?,y.
Recall

p(p, 0%ly) o< (0%)""2exp (=50 Y1 10 — p)?) exp (—

sc(n—m)?)
X(O‘) v/2+1)exp< vs?

202

Now find p|o?, y:

p(ulo?,y) o p(p,o?|y)

thus plo?,y ~ N(m', C")
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Normal model
Derive 02|y, y
LY.

Recall

P, o?ly) o< (02)""2 exp (=522 Y11 (vi — 1)?) exp (=5 (1 — m)?)
X (o) exp (- 257

Now find o2|u, y

p(0-2|u’_y) xX P(Na U2|y)
x (0_2)—([v+n]/2+1) exp (—# [VS + ZI 1( /'L) :|)

and thus 02|,y ~ Inv=-x3(V/, (s')?) where

V. =v-+n
VI(s)? = vs? o+ I (i - w)?
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Reellue
R code for Gibbs sampler

y = rnorm(10)
m=0; C= 10
v=1;s=1

mu = 0
sigma2 = 1

n_iter = 1000
mu_keep = rep(NA, n_iter)
sigma_keep = rep(NA, n_iter)

n = length(y)
sum_y = sum(y)
vp = v4n

vs2 = v*sT2
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Reellue
R code for Gibbs sampler

for (i in 1:n_iter) {

Cp = 1/(n/sigma2+1/C)
mp = Cp*(sum_y/sigma2+m/C)
mu = rnorm(1, mp, sqrt(Cp))

vpsp2 = vs2 + sum((y-mu)~2)
sigma2 = 1/rgamma(l, vp/2, vpsp2/2)

mu_keep[i] = mu
sigma_keep[i] = sqrt(sigma2)

}
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Two-component Gibbs sampling Normal model

Posteriors

ol 1111 il |l kv 1a n

value
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K-component Gibbs sampler

K-component Gibbs sampler

Suppose 8 = (61, ...,0k), then an iteration of a K-component Gibbs sampler is

80 ~p (91|9§H’, . 95;‘*1),y)

(92|01 e 1),...,95;‘1’,y)
O el )
Np(e .. 955)1, )

The distributions above are called the full conditional distributions. If some of the
0y are vectors, then this is called a block Gibbs sampler.
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K-component Gibbs sampler

Hierarchical normal model

Let .
N(Mivol)a Hi ~ N(7777_2)

fori=1,...,1,j=1,...,n;, n:ZLIn; and prior
p(n, 72, 0)  IG(7?; ar, b;)IG(0?; ag, by ).

ind
Yii ~

The full conditionals are

p(uln,o?,72,y) =TIy p(uiln, 02,72, yi)

= ([ + 2] [+ 2] [+ 2]
=N (ﬁ, 7'2/1)

= 1G (a5 + n/2, by + iy 1 (vij — 1i)?/2)

= 1G(ar +1/2,br + Y[y (i — 1)?/2)

where njy; = Z}ll yijand I = 25:1 Hi-
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Metropolis-within-Gibbs

We have discussed two Markov chain approaches to sample from a target
distribution:

@ Metropolis-Hastings algorithm
@ Gibbs sampling

Gibbs sampling assumed we can sample from p(0x|0_, y) for all k, but
what if we cannot sample from all of these full conditional distributions?
For those p(6x|0—) that cannot be sampled directly, a single iteration of
the Metropolis-Hastings algorithm can be substituted.
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Metropolis-within-Gibbs

Bivariate normal with p = 0.9

Reconsider the bivariate normal example substituting a Metropolis step in

place of a Gibbs step:

gibbs_and_metropolis = function(thetal, n_points, rho) {
theta = matrix(thetaO, nrow=n_points, ncol=2, byrow=TRUE)
v = sqrt(1-rho~2)
for (i in 2:n_points) {
thetali,1] =

rnorm(1, rho*thetal[i-1,2], v)

theta_prop = rnorm(1, thetali-1,2], 2.4%v)
logr = dnorm(theta_prop, rhoxthetali,1], v, log=TRUE) -

dnorm(thetal[i-1,2], rho*thetal[i,1], v, log=TRUE)
theta[i,2] = ifelse(log(runif(1))<logr, theta_prop, theta[i-1,2])

return(theta)

theta = gibbs_and_metropolis(c(-3,3), n, rho)
length(unique(thetal,2]))/length(thetal,2])

[1]1 0.5
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Metropolis-within-Gibbs

8,
0
|

NECIDBENS

Jarad Niemi (lowa State) Gibbs sampling March 29, 2018 17 / 32




Metropolis-within-Gibbs

Hierarchical normal model

Let _ .
Yi % N(uio?), i N, 72)
fori=1,...,1,j=1,...,n;, n:ZLln,- and prior

p(n,7,0) < Cat(7;0, b,)Ca™(;0, by).

The full conditionals are exactly the same except

p(olwn, 72, y) o IG(0?n/2,3 1y S (vis — 1i)?/2) Cat (00, by)
o2l 0% y) o IG(r21/2, S0 (s — 1) /2)Cat (70, br)

where n;y; = ZJ"’ZI yij and It = ZLI 1.
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Metropolis-within-Gibbs

Hierarchical normal model

To sample from p(7|u, o,1,y) o IG(72; a, b)Ca* (0, b;) (or equivalently
p(o|p,n,7,y)), we have a variety of possibilities. Here are three:
1. Rejection sampling with (7*)? ~ IG(a, b) and thus
M;,. = Ca*(0;0, b;) and the acceptance probability is
Ca™(1*;0, b.r)/l\/l:pt.
2. Independence Metropolis-Hastings with (7*)? ~ IG(a, b) and thus the
acceptance probability is Ca®(7*;0, b,)/Ca*t(7(!); 0, b,).
3. Random-walk Metroplis-Hastings with 7* ~ g(-|7(!)) and acceptance
probability is g(7*|y)/q(7(!)]y).
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Hierarchical binomial model

Hierarchical binomial model

Let _
Y; ind Bin(n;, 6;)
0; " Be(a,B)
p(a, B) o (a+ )2
We will use a dependson to sample from 64, ...,60,,«a, 3, so we need to
derive the following conditional distributions:
o 0,‘|91, ey 9;_1,«9;+1, ceey 9,,, a,ﬂ,y
° albr,....0,, 08,y
e [Bl01,...,0h,a,y

For shorthand, | often use 6;|... where “..." indicates everything else.
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Hierarchical binomial model

Full conditional for 6;

Y: % Bin(n;, 0;), 6; % Be(a, B), pla, B) ox (a + B) 5/

The full conditional for 6; is

p(0il...) o p(y|0)p(0]a, B)p(a, B)
o [H? 1 P(y/|9 )] (1=, p(9 o, B)]
P =660 (1 — ;)P
O(0a+y, {( 9)5+n, yi—1

Thus ;] ... ~ Be(a + yi, B+ nj — yi).
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Hierarchical binomial model

Full conditional for o and 3

Y; % Bin(n;, 0;), 6; % Be(a,B), p(a,B) ox (a+ B) /2

The full conditional for « is

plal...) o< p(yl0)p(bla; B)p(a, B)
oc (L1 p(filex, B)] pla, 5)

[T, 0i _
x (Betal(a)ﬁ)" (a+p)32

which is not a known density.

The full conditional for 3 is

p(Bl...) o p(yl®)p(0]a, B)p(a, B)
o [[Ti2; p(Oilev, B)] p(ev, B)

T [1-0; pt _
oc WL (o4 5512

which is not a known density.
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Hierarchical binomial model

Full conditional functions

logp(al...) o (a—1)>7log( 6;)+ nlog(Beta(c,B)) —5/2log(c + 3)
logp(B]...) oc(B—1)Y"_log(1—6;)+ nlog(Beta(ca, 3)) —5/2log(a + 3)

log_fc_alpha = function(theta, alpha, beta) {
if (alpha<0) return(-Inf)
n = length(theta)
(alpha-1)*sum(log(theta))-n*lbeta(alpha,beta)-5/2*(alpha+beta)

}

log_fc_beta = function(theta, alpha, beta) {
if (beta<0) return(-Inf)
n = length(theta)
(beta-1) *sum(log(1-theta))-n*lbeta(alpha,beta)-5/2*(alpha+beta)

}
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Hierarchical binomial model

mcmc = function(n_sims, dat, inits, tune) {

n_;

groups = nrow(dat)

alpha = inits$alpha
beta = inits$beta

#

Recording structure

theta_keep = matrix(NA, nrow=n_sims, ncol=n_groups)
alpha_keep = rep(alpha, n_sims)
beta_keep = rep(beta , n_sims)

for (i in 1:n_sims) {

}

theta = wlth(dat, rbeta(length(y), alphaty, beta+n-y))

alpha_prop = rnorm(l, alpha, tune$alpha)

logr = log_fc_alpha(theta, alpha_prop, beta)-log_fc_alpha(theta, alpha, beta)
alpha = ifelse(log(runif(1))<logr, alpha_prop, alpha)

# Sample beta

beta_prop = rnorm(1, beta, tune$beta)

logr = log_fc_beta(theta, alpha, beta_prop)-log_fc_beta(theta, alpha, beta)
beta = ifelse(log(runif(1))<logr, beta_prop, beta)

theta keep[l ]
alpha_keep[i] = alpha
beta_keep[ i] = beta

return(data.frame(iteration=1:n_sims,

parameter=rep(c("alpha","beta",paste("thetal",1:n_groups,"]",sep="")),each=n_sims),

value=c(alpha_keep,beta_keep,as.numeric(theta_keep))))
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Hierarchical | model

d = read.csv("../Ch05/ChO5a-dawkins.csv")
dat=data.frame(y=d$made, n=d$attempt)
inits = list(alpha=1, beta=1)

r = mcmc (2000, dat=dat, inits=inits, tune=list(alpha=1,beta=1))

parameter acceptance_rate

1 alpha 0.253
2 beta 0.299
alpha beta
4
3
®
E
g,
1
0 500 1000 1500 2000 0 500 1000 1500 2000
iteration
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Block Gibbs sampler

It appears that the Gibbs sampler we have constructed iteratively samples from
1. 01~ p(61|0-1,,8,y)

On ~ P(0n|07m a:ﬁv}/)
o~ p(a|9,5,y)
. B~ P(ﬁ\Gva’Y)

where 0 = (01,...,0,) and 0_; is 6 without element i.

W nN

o1

But notice that

p(0la, B,y) = | | p(bilex, B, vi)
i=1

and thus the 6; are conditionally independent. Thus, we actually ran the following block Gibbs
sampler:

1. 0~ p(fla, B,y)
2. a~p(ald,B,y)
3. B~ p(Blo,a,y)
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Slice sampling

Slice sampling

Suppose the target distribution is p(f|y) with scalar 6. Then,

p(0ly)
p(0ly) = /O du

Thus, p(f|y) can be thought of as the marginal distribution of
(0, U) ~ Unif{(0,u) : 0 < u< p(fly)}

where v is an auxiliary variable.

Slice sampling performs the following Gibbs sampler:
1. u®]9E=D,y ~ Unif{u: 0 < u < p(0¢~]y)} and
2. 0Wu®) y ~ Unif{0 : ul®) < p(d]y)}.
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Slice sampling

Slice sampler for exponential distribution

Consider the target 0|y ~ Exp(1),then
{0 u<p(Oly)}r = (0, —log(u)).

Target disribution

u
0.0 02 04 06 08 10

0.0 0.5 1.0 15
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Slice sampling

Slice sampling in R

slice = function(n,init_theta,target,A) {
u = theta = rep(NA,n)
theta[1] = init_theta
ul1] = runif(1,0,target(thetal1]))

for (i in 2:n) {
uli] = runif(1,0,target(thetali-1]))
endpoints = A(u[i],thetali-1])
theta[i] = runif(1, endpoints[1],endpoints([2])

return(list(theta=theta,u=u))

}

set.seed(6)
A = function(u,theta=NA) c(0,-log(u))
res = slice(10, 0.1, dexp, A)
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Slice sampling

Slice sampling an Exp(1) distribution

1.0

0.4 0.6

0.2

0.0 0.5 1.0 15 2.0 25 3.0

()
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Slice sampling

Slice sampling approximation to Exp(1) distribution

s I
@ _
© _|
o
2 \
o
<
o 3 A
N
8 ]
o
=
[ T T T T 1
0 2 4 6 8 10
0
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Summary

@ Gibbs sampling breaks down a hard problem of sampling from a high
dimensional distribution to a set of easier problems, i.e. sampling
from low dimensional full conditional distributions.

o If the low dimensional distributions have an unknown form, then
alternative methods can be used, e.g. (adaptive) rejection sampling,
Metropolis-Hastings, etc.

@ A Gibbs sampler can always be constructed by introducing an
auxiliary variable that horizontally slices the target density.
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