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Dynamic Linear Models

Yi =F0+ v (& nd N (0, V4)
ind

0,5 = Gtgt—l + wy we o~ Np<0, Wt)
o~ Np(mo, Co)

where v; and w; are independent across time and all are independent of 6.
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Model components

Decomposition of time series

Consider a univariate series Y;. Think of this series has being the sum of

independent components

h
YVi=Yig+-+ Y= Yy
=1

where each component has its own independent DLM (dynamic linear

model),
Yie =Fi0ii+vig vig ~ N(0, Vi)
Oir =Gibit—1+wiy wiy ~ N0, W)
Then
Y =Fb0 +uv vy ~ N(0,V;)
0 = Gb—1 +wy wy ~ N (0, W)
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Model components

Observation equation

Recall
Vi =Y+ + Yy

Yie =Fii0ir+vig vig ~ N(0,Viy)
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Model components

Evolution equation

Recall
014 G1401,0—1 +wiy G1401,6-1 w1 ¢
Ont | Gnibhi—1 + why GhiOni—1 Wh, ¢
G1,401,6-1
== + Wy = Gt‘gt—l + Wt
| Ghibhi

where w; "% N(0,W;) and
Wi Gt
Wy = Gy = ..
Wht Ght

) )
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Model components

Combining model components

Consider '
Y, = Ff; + v v N0, V)
ind

6’t = Gtet_l + Wy Wy ~ N(O, Wt)
where V; = Z?Zl Vit

01,
Or=1| Fy=[Fiy| - [Fhdl
Ont
and
Wl,t Gl,t
Wy = G = -
Wit Gh i
Jarad Niemi (STAT6150Q@ISU) Polynomial Trend Models October 8, 2025

6/21



o)
Polynomial trend model definition

A polynomial model of order n is a DLM with constant [and spec-
ified] matrices Fy, = F and G; = G, and a forecast function of the
form

fi(k) = E(Yeqr|yre) = aio+ag1k+---+ at,nflkn_la k>0

where at, . ..,arn—1 are linear functions of my = E(6¢|y1.+) and
are independent of k. Thus, the forecast function is a polynomial
orordern —1 in k.

In practice we use,
@ Local level model (n =1).
@ Linear trend model (n = 2).

@ Exponential trends are accommodated by taking logs and then using
a linear trend model.
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Polynomial trend models Local level model

Local level model

Y;g = 0,5 + V¢ V¢ iﬁ‘d N(O, V)
ind

0 =61 +w w ~ NO,W)
00 NNp(mo,Co)

where F; =F =1, G;=G=1,V;,=V,and W, = W.

What is the forecast function? fi(k) = E(Yiir|yr:e) = mu.
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o= (] =)
Lake Superior Data

Lake Superior Water Level
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level (in)

W
=}

1900 1925 1950 1975
year

Jarad Niemi (STAT6150@ISU) Polynomial Trend Models October 8, 2025 9/21



Polyno

Fit a local level DLM

models Local level model

build_11_model <- function(theta, ...) {
dlmModPoly(order = 1,
dV = exp(thetal1l),
dW = exp(thetal2]),
)

}

lakeSup_MLEs <- d1lmMLE(lakeSup$ level (in)”, rep(0, 2), build_11_model)
stopifnot (!lakeSup_MLEs$convergence)

exp (lakeSup_MLEs$par)

## [1] 9.4654447 0.1211534

model_local_level <- build_11_model(lakeSup_MLEs$par, mO = 30, CO = 10)
1SupFilt <- dlmFilter(lakeSup$ level (in)”, model_local_level)

1SupSmoo <- dlmSmooth(1SupFilt)
1SupFore <- dlmForecast(1SupFilt, nAhead = 10)
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lakeSup_plot <-

bind_rows (
lakeSup |>
mutate (
type =
mean
sd

lakeSup |>
mutate(

type =

mean

sd =

data.frame(

models Local level model

"filter",
1SupFilt$m[-1],
sqrt (unlist (dlmSvd2var (1SupFilt$U.C, 1SupFilt$D.C)))[-11),

"smooth",
1SupSmoo$s[-11,
sqrt (unlist (dlmSvd2var (1SupSmoo$U.S, 1SupSmoo$D.S))) [-11),

type = "forecast-state",

year = max(lakeSup$year) + 1:nrow(1lSupFore$a),
mean = as.numeric(lSupFore$a),

sd = sqrt(unlist(1SupFore$R))

),

data.frame(

type = "forecast-observation",

year = max(lakeSup$year) + 1:nrow(lSupFore$a),
mean = as.numeric(lSupFore$f),

sd = sqrt(unlist(1SupFore$Q))

)
) 1>

mutate (

1b = mean - 2 * sd,
ub = mean + 2 * sd
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Polynomial trend models Local level model

Lake Superior - Local Level Model

Lake Superior Water Level
Filtering

404

354

type

— filter
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Polynomial trend models Local level model

Lake Superior - Local Level Model

## Warning: No shared levels found between ‘names(values)‘ of the manual scale and the data’s colour
values.

Lake Superior Water Level
Smoothing
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Polynomial trend models Local level model

Lake Superior - Local Level Model

Lake Superior Water Level

Forecasting
404
354
type

£ forecast-observation
% —— forecast-state
- 309 —— smooth

254

1900 1925 1950 1975 2000
year
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Linear trend model
Linear trend model

i =m+o T N(0,V)
ind
pe =1+ Bio1+wer w ~ N(0,02)
ind
B = Br—1+wp w2~ N(0,03)
0o~ Np(mg,Co)

o F,=F=(1,0)
o 0y = (e, Br)"

o
11
a=[g 1]
e Forecast function fi(k) = E[Yiir|yre] = fu + k3
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Polyno models Linear trend model

Fit a local level DLM

build_lt_model <- function(theta, ...) {
dlmModPoly (order = 2,
dv = exp(theta[1]),
dW = exp(theta[2:3]),
)

}

lakeSup_lt_MLEs <- dlmMLE(lakeSup$ level (in)”, rep(0, 3) build_lt_model)
stopifnot (!lakeSup_lt_MLEs$convergence) # 0 is conver

exp(lakeSup_lt_MLEs$par) # est

## [1] 9.623499e+00 3.039463e-02 8.014774e-08

model llnear _trend <- bu11d 1t model(lakeSup lt MLEs$par, m0 = c(30,0), CO = diag(10, 2, 2))

1tSupFilt <- dlmFilter(lakeSup$ level (in) , model_linear_trend)
1tSupSmoo <- dlmSmooth(1tSupFilt)
1tSupFore <- dlmForecast(ltSupFilt, nAhead = 10)
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# Co uct d
lakeSup_lt_plo
bind_rows (
lakeSup |>
mutate (

type =
mean
sd

lakeSup |>
mutate (

type =

mean =

sd

data.frame

type = "
year = m
mean =

sd =s

),

data.frame

models Linear trend model

t <-

"filter",
1tSupFilt$m[-1,1],
sqrt(unlist (lapply (dlmSvd2var (1tSupFilt$U.C,
1tSupFilt$D.C),
function(x) x[11))[-11)),

"smooth",
1tSupSmoo$s[-1,1],
sqrt (unlist (lapply (dlmSvd2var (1tSupSmoo$U.S,
1tSupSmoo$D.S),
function(x) x[11))[-11)),

(
forecast-state",
ax (lakeSup$year) + 1:nrow(ltSupFore$a),

as.numeric(1tSupFore$al,1]),

qrt (unlist (lapply (1tSupFore$R, function(x) x[1])))

(

type = "forecast-observation",
year = max(lakeSup$year) + 1:nrow(ltSupFore$a),

mean = a

s.numeric(1tSupFore$f[,1]),

sd = sqrt(unlist(lapply(ltSupFore$Q, function(x) x[11)))

)
) 1>

mutate(lb = mean - 2 * sd, ub = mean + 2 * sd)
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Lake Superior - Linear Trend Model

Lake Superior Water Level
Linear Trend - Filtering
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(62 ] e
Lake Superior - Linear Trend Model

Lake Superior Water Level
Linear Trend — Smoothing
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(62 ] e
Lake Superior - Linear Trend Model

Lake Superior Water Level
Linear Trend - Forecasting

404
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Linear trend model
Polynomial trend models

Y, =Fb +wv Ut (S N (0,V4)
ind

0; = Gibi—1 +wy Wy ES Np<0, Wt)

0o ~ Np(mg,Co)

o - -—
11 0 -+ 0

01 1 0 0

Gi=G=| : o

0 - 0 1 1

0 - 0 1|

(] Wt :W:dlag(Wl,,Wn)
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