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Dynamic Linear Models

Yi =F0+ v (& nd N (0, V4)
ind

0,5 = Gtgt—l + wy we o~ Np<0, Wt)
o~ Np(mo, Co)

where v; and w; are independent across time and all are independent of 6.

YYY
ForoNCS

Jarad Niemi (STAT6150@ISU) Seasonal Models October 9, 2025 2/23



Nottem
Nottem Data

Nottingham Average Monthly Temperature
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Seasonal data Nottem

Regress - air temp on month

##
##
##
##
#
##
##
##
#
##
#
##
##
##
##
##
##
##
##
##
##
##
##
#
##
#
#
##

#*
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#*

#* 3

Call:
Im(formula = Temperature
Residuals:

Min 1Q Median 3Q
-7.890 -1.369 0.285 1.405
Coefficients:

Estimate
(Intercept) 39.6950
as.factor(Month)2  -0.5050
as.factor(Month)3 2.5000
as.factor(Month)4 6.5950
as.factor(Month)5  12.8650
as.factor(Month)6  18.3450
as.factor (Month)7  22.2050
as.factor(Month)8  20.8250
as.factor(Month)9  16.7850
as.factor(Month)10  9.8000
as.factor(Month)11  2.8850
as.factor (Month)12 -0.1650
Signif. codes: 0 'x*x' 0.0

Residual standard error: 2.315 on 228 degrees of freedom
Multiple R-squared: 0.9304,Adjusted R-squared:

6.270

~ as.factor(Month), data

= nottem_d)

Std. Error t value Pr(>|tl)
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F-statistic: 277.3 on 11 and 228 DF,
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Seasonal data Nottem

Estimated Monthly Means

em <- emmeans (m,

## Month emmean

## 1 39.7
## 2 39.2
## 3 42.2
## 4 46.3
## 5 52.6
## 6 58.0
## 7 61.9
## 8 60.5
## 9 56.5
## 10 49.5
## 11 42.6
## 12 39.5
##

OO0 00000000 OoO

~ Month); em

SE df lower.CL upper.CL

518 228 38.7 40.7
518 228 38.2 40.2
518 228 41.2 43.2
518 228 45.3 47.3
518 228 51.5 53.6
518 228 57.0 59.1
518 228 60.9 62.9
518 228 59.5 61.5
518 228 55.5 57.5
518 228 48.5 50.5
518 228 41.6 43.6
518 228 38.5 40.5

## Confidence level used: 0.95
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Seasonal data Nottem

Time Series Decomposition

Decomposition of additive time series
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Nottem
Nottem Data - Zero Mean

Nottingham Average Monthly Temperature
Zero Mean

TemperatureO
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Seasonal factor models

Seasonal factors

Suppose all s seasons have a factor «;. Then

Yy
Y,

Y,
Yii1
Ys+2

Yos
Y25+1

Yv28+2

ap + v

Qg + U2

s + Us
aq + Vs+1

Qg + Vsy2

Qg + V2s
Q1 + Vas+1

Q2 + V2542
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(a1,9,...
F = (1,
G:

W =0

Ft9t + vy
Gl 1+ wy

L)
0,0,...,0)

010
0 0 1
0 00
1 0 0
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Rotating factors

If 6, = (041,042,. . .,Oés)T and W; =0, what is 6,7

T
‘92 = G91 = (042,043,044, s 7a57a1)
T
03 = GOy = (a3, ay,...,0as01,02)
0 = GO_1=(aj,q; —1)"
t = t—1 = (O, Q1,000 Qs Oy o v v, 1

where j =t mod s (j%%s in R).

Jarad Niemi (STAT6150@ISU) Seasonal Models October 9, 2025

9/23



Seasonal factor models

Alternative DLM for seasonal factors

Suppose all s seasons have a factor «;. Then

Yi = a1+wn Y, = Rbdtw
Yy, = an+ vy 0 = Gibi_1+wy
where
Yo = as+wvs 01 = (a1,04 a5 1,...,00)"
Yst1 = a1+ uvsq F, = F=(1,0,0,...,0)
Ysto = a2+ sy [0 0 0 17
1 0 0 0
o1 -~ 0 O
Yos = s+ v G = G=1|- - . . .
Yost1 = a1+ vosi1 0 0 . .. . ()' O
Yasi2o = a2+ vy )
L0 0 1 0 |
Wy = W=0 (maybe)
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Seasonal factor models

|dentifiability in seasonal factor models

@ Modeling mean separately
@ Looking at deviations from the mean
— parameter identifiability issue

o ldentifiability constraints:
o Set aj =0 for some j € {1,2,...,s}.
o Sum-to-zero constraint, i.e. Y ;_; a; = 0.
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Seasonal factor models

Parsimonious seasonal factor model

Yi = 0t +wve
0 = Gibp_1 + wy . .
What is 0 if W = 07
where
02 GOy = (az, a1, a5, 051, .
0 _ T
1 = (anos05-1,.00,03) 03 = GOy = (as,az,a1,0s, 051, .-
F, = F=(1,0,...,0)
-1 -1 - -1 -1
1 0 0 0
0 1 0 0 0y = GOy
G, = G= : : : - : = (aj,05_1,..., 01,08, 051,
0 0 0 0
0 0 1 0 where j = t mod s.
Wy = W =0 (maybe)
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Seasonal factor models

Seasonal factor model in R

build_sf_model <- function(theta, ...) {
dlmModSeas (frequency = 12,
dv = exp(theta),
dw = rep(0,11),
D)

}

nottem_MLEs <- dlmMLE(nottem_d$TemperatureO, 0, build_sf_model)
stopifnot (!nottem_MLEs$convergence)

exp(nottem_MLEs$par)

## [1] 5.334667

nottem_sf_model <- dlmModSeas(12, dV = exp(nottem_MLEs$par), dW = rep(0,11))
nottemFilt <- dlmFilter(nottem_d$Temperature0, nottem_sf_model)

m_T <- c(-sum(nottemFilt$m[241,]), rev(nottemFilt$m[241,]))
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Seasonal factor models

Compare estimates to Im

m0 <- 1lm(Temperature0 ~ as.factor(Month) + 0, data = nottem_d)
cbind("1m" = coef (m0),

##
##
##
##
##
##
##
##
##
##
##
##
##

"dlm" = m_T)

.factor (Month)1
.factor (Month)2
.factor (Month)3
.factor (Month)4
.factor (Month)5
.factor (Month)6
.factor (Month)7
.factor (Month)8
.factor (Month)9
.factor (Month) 10
.factor(Month) 11
.factor(Month) 12
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Fourier form seasonal models Basis

Canonical basis

Suppose all s seasons have a factor «;. Then, think of « as a linear
combination of basis vectors

S
a = (Oél,...,()és) = Zaiui
=1

where the u; form the canonical basis, i.e. u; is the s-dimensional vector
having the ith component equal to 1 and all other elements 0

@ This representation lacks
e Smoothness differentiation
o Parsimony
o Interpretation (perhaps)
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Fourier form seasonal models Basis

Fourier frequencies

Let )
J . $
wj :271';, J :0,1,...,5
where s is the length of the period.
Consider
eo = (1,1,...,1)T
c1 = (coswi,cos2wi,...cosswy)
s1 = (sinwl,sinQQ.zl,...sinso.)l)T
¢j = (coswj,cos2wj,...cossw;)T
s; = (sinwj,sin2wj,...sinsw;)"
Csr2 = (cosws/g,cos2ws/2,...cossws/g)T

Ss/2 is all zeros.
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Fourier form seasonal models Basis

Trigonometric basis functions

sin

123 456 7 8 9101112
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Fourier form seasonal models Basis

Plotting Fourier basis
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Fourier form seasonal models Basis

Fourier basis

Basis for R?

s/2—1

a = apey + Z (ajcj +bjsj) + agjacs)a.
j=1

Assume ag = 0 since the mean will be modeled separately, e.g. through a

polynomial trend model. For j =1,2,...,5/2, the jth harmonic is

Sj(t) = ajcos(tw;) + bjsin(tw;)
= Aj cos(tw; + ;)

where b5 =0, Aj = ,/ajz + b? is the amplitude, and
7v; = arctan(—b;/a;) is the phase.
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(RN (T ENLEINNI S EI  Building a DLM

Evolving a harmonic

For j =1,2,...,5/2, the jth harmonic is
S;j(t) = aj cos(tw;) + bj sin(tw;)
What is S;(t+1)? It is
Si(t+1) = ajcos([t + 1w;) + bj sin([t + 1]w;).

For j < s/2, if we only know the value of S;(t), i.e. we don't know the
value of a; and b; individual, we cannot determine S;(¢ + 1). But we can
find that

Sj(t+1) = ajcos([t+ 1|w;) + bjsin([t + 1]w;)

= .(aj cos(tw;) + b; sin(tw;)) cos(w;)+
+(—a; sin(tw;) + bj cos(tw;)) sin(w;)

= 8j(t) cos(w;) + S;(t) sin(w;)
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Building 2 DLM
Building a DLM - constructing G

For j =1,2,...,s/2, the jth harmonic is
S;j(t) = aj cos(tw;) + bj sin(tw;)
The conjugate harmonic is
S3(t) = —ajsin(tw;) 4 bj cos(tw;).
And the jth harmonic evolves in time according to

[ Si(t+1) } _ [ coswj  sinw; ] [ S;(t) ]

Si(t+1) —sinwj COS Wj S3(t)
and
SS/Q(t + 1) = _SS/Q(t)
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Building 2 DLM
Period 5 DLMs

Consider DLMs containing only seasonality of frequency j < s/2.

e B et |

So this is a DLM with evolution matrix

H: — COSLL)]' smwj
J —sinw; cosw;

state vector (5;(t), S;f(t))T, and observation matrix F' = [10].
If j = s/2, we have
Sgya(t +1) = cos((t + 1)m) = — cos(tm) = —S5/5(t)

which is a DLM with state vector S, /5(t), evolution matrix H,/, = [—1],

and observation matrix F' = [1].
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Fourier form seasonal models Building a DLM

Fourier form seasonal DLM
Combine these period 57 DLMs using our combining rules:
0, = (S1(0), ST(t)..... S51(1). 55 (1), S5(1)"
with evolution matrix
G = blockdiag(Hq, . .. ,H%)

and observation matrix

and initial vector
-
00 = (CLl, bla ) a’%—la b%—l’ (Z%)
The seasonal process can be made more smooth by dropping higher

harmonics.
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