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Dynamic Linear Models

Yi =F0+ v (& nd N (0, V4)
ind

0,5 = Gtgt—l + wy we o~ Np<0, Wt)
o~ Np(mo, Co)

where v; and w; are independent across time and all are independent of 6.
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DLMs for longitudinal data Longitudinal data

Longitudinal data

Suppose at each time point, you have observations from multiple units,

e.g. people, countries, stocks, etc. The data can be represented as a
matrix.

Time
ltem 1 2 . T
1 | Yip Yip -+ Yir
2 | Yo1 Yoo - Yor
m Ym,l Ym,2 cee Ym,T
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DLMs for longitudinal data Individual univariate DLMs

Individual univariate DLMs

Suppose for each unit i = 1,...,m, we can write down a univariate DLM:
_ (2) ind
Yie =F0; 4+ vy, vig ~ N(0,V;)

9,&') = G9§?1 + wgi), wﬁi) e Np(0, W)

F and G are constant for all ¢ and ¢

V; and W; are constant for all ¢

af) are still vectors, thus the notation

Is there a relationship between V; and Vj or W; and W for i # j?

How about Cov(v;,vj¢) or Cov(wgi),wt(j)) for ¢ # 57

Seemingly unrelated time series (SUTSE)
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Seemingly unrelated time series An m = 2 example

Linear trend models

Suppose you have a linear trend model for each unit i:

i ind

Yie = z‘,t9§ ) + Vit vig ~ Np(0, Vi)
1 7 1) ind

00 =G0 +w® W N0, Wiy)

What is F;;? F;; = (1,0)7

What is Gz‘,t?
1 1
Gt = [ 0 1 ]

o Whatis V;;? Vi, =V,
@ What is Wi,t? Wi,t =W,
e What is 9,@? 9,@ = (kit, Bit)
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Seemingly unrelated time series An m = 2 example

Combine these into a DLM with m = 2:
Y, =Fb +u v "® N (0, V7)
9,5 = Gtgtfl —+ wy Wi zﬁld Np(O, Wt)

® Oy = (p1t, poyt, Bty Pa,e)

@ What is V;?
@ What is F;?
Vi o7
s_[1 000 Vtv[;%}
7101 00
@ What is W;?
@ What is G;7
o w0
a0 101
710 01 0
00 01

@ What are W, and W3? If diagonal?
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Seemingly unrelated time series In general

Kronecker products

Given two matrices A and B, the Kronecker product A ® B is defined as

a B - a1,B

am1B - amaB

o If Ais2x2, whatis A® I57?
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In general
SUTSE model

Y, = (F®Iy)0 +uv v ™ N, (0,V)
0, = (G L)y +we  w % N0, W)

where

The covariance matrices V' and W are typically somewhat sparse. Often
o off-diagonal elements of V' are zero
o off-diagonal elements of W are zero

@ some diagonal elements of W are zero
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SUTSE example
The data
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SUEE G
Model setup

vV VVV V V V VYV VYV YV VYVVYV

mod <- dlmModPoly(2)
mod$FF <- mod$FF %x% diag(2)
mod$GG <- mod$GG %x% diag(2)

W1l <- matrix(0, 2, 2)

W2 <- diag(c(49, 437266))
w2[1, 2] <- w2[2, 1] <- 155
mod$W <- bdiag(Wi, W2)

V <- diag(c(72, 14353))
Var[1, 2] <- Var[2, 1] <- 1018
mod$V <- V

mod$m0 <- rep(0, 4)
mod$CO <- diag(4) * 1le7
mod <- as.dlm(mod)
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Seemingly unrelated time series SUTSE example

Filtering and one-step ahead prediction errors

investFilt <- dlmFilter(invest, mod)

sdev <- residuals(investFilt)$sd
lwr <- investFilt$f + gnorm(0.025) * sdev
upr <- investFilt$f - gnorm(0.025) * sdev

V V. V Vv V
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SUTSE example
Filtering
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Seemingly unrelated regressions model Individual univariate dynamic regressions

Individual univariate dynamic regressions

Suppose for each unit ¢, we have a univariate dynamic regression model:

Yie =FP0% 4o, vie " N(0,V)
) i ind
0 =G+, w? N0, W)

What is Ft(i)? Ft(i) = (z14,...,xpy) if covariates are common to all

°
series, as they will be in the example to follow
o Whatis G;;? G = I
o Whatis V;;? Vi; =V,
o What is W;;? W, ; =1,
o What is 6'7 6\ = (80),...,8\))T
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Seemingly unrelated regressions model Model

Simple multivariate dynamic regression

yr = (Fy @ In,)0¢ + vy
0 =(G®I1p)0i—1+ w

where

Yi,t
Yt 3 et

Ym,t

Q¢

)

Am,t

B |’

Ve =

Bm,t

U1t

Um,t

v N0, V)
wy "N (0, W)

Wm+1,t

Wam,t

with F; = (1,2)7, G = I, and W = blockdiag(W,, W5).
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Seemingly unrelated regressions model An example

Data
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Seemingly unrelated regressions model An example

Model setup

> CAPM <- dlmModReg(market)

> CAPM$FF <- CAPM$FF %x% diag(m)

> CAPM$GG <- CAPM$GG %x% diag(m)

> CAPM$JFF <- CAPM$JFF VxY% diag(m)

> CAPM$W <- CAPM$W %x’% matrix(0, m, m)

> CAPM$W[-(1 : m), -(1 : m)] <-

+ c(8.153e-07, -3.172e-05, -4.267e-05, -6.649e-05,
+ -3.172e-05, 0.001377, 0.001852, 0.002884,
+ -4.267e-05, 0.001852, 0.002498, 0.003884,
+ -6.649e-05, 0.002884, 0.003884, 0.006057)
> CAPM$V <- CAPM$V %x% matrix(O, m, m)

> CAPM$Var[] <- c(41.06, 0.01571, -0.9504, -2.328,
+ 0.01571, 24.23, 5.783, 3.376,

+ -0.9504, 5.783, 39.2, 8.145,

+ -2.328, 3.376, 8.145, 39.29)

> CAPM$mO <- rep(0, 2 * m)

> CAPM$CO <- diag(le7, nr = 2 * m)
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Seemingly unrelated regressions model An example

Smoothing inference

> CAPMsmooth <- dlmSmooth(y, CAPM)
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Seemingly unrelated regressions model An example

Smoothed estimates
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More DLMs for longitudinal data

Longitudinal data

Suppose at each time point, you have observations from multiple units,

e.g. people, countries, stocks, etc. The data can be represented as a
matrix.

Time
ltem 1 2 . T
1 | Yip Yig -+ Yip
2 | Yo1 Yoo - Yor
m Ym,l Ym,2 cee Ym,T
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Hierarchical DLMs
Individual DLMs

ind 2
Yit = Fii0iy +vig, vig ~ N(0,07;)

SUTSE: Necessary to estimate blocks of m x m matrices in the covariance

matrix W. Instead:
Ois =N+ e, €10 % Ni(0, %)
ANo=Ghor Fwn w N0, W)

Hierarchical DLM:

ind

Y = Fy40; + vy, v~ N (0, V1)
0, = Fyihi+ e, et " Np(0, V)

At = G-t + wy, Wy ind Ni(0, W)
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Hierarchical DLMs
Hierarchical DLMs

Hierarchical DLM:

ind

Y = Fy 40 + vy, v~ N (0, V1)
6 =Fphtea, e~ Np(0,Vpy)
ind

A = Gih—1 + wy, wy ~ Ni(0, W)

where

6 = (0],....00)7

Fy: = blockdiag(F;;)

For = [I_p|“’|Iprr

Vyu = diag(o?,)

Vot = blockdiag(%;)
G, =G

Jarad Niemi (STAT6150@ISU) Multivariate DLMs October 14, 2025

2127



ol
Integrating out 6,

Let's write this as a standard DLM

Y; = Fy4Fp i + vy, vf ifnvd m (0, Fy,tV9,tFyT,t + Vi)
At = Gih—1 + wy, Wy nd Ni(0, W)

Jarad Niemi (STAT6150Q@ISU) Multivariate DLMs October 14, 2025

22/27



More DLMs for longitudinal data Dynamic nonparametric regression

Longitudinal data with common covariates

Suppose at each time point, you have observations from multiple units,
e.g. people, countries, stocks, etc., with a common covariate. The data

can be represented as a matrix.

Time
[tem 1 2 e T | Covariate
1 | Yip Yip -+ Yir 1
2 | Yo1 Yoo - Yor T2
m Ym,l Ym,2 ce Ym,T Tm
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More DLMs for longitudinal data Non-parametric regression

Let’s allow flexibility in how Y relates to z:

E(Y|z) = Zﬂgth

where h;(z) may be, e.g.

powers thi(x) =27
trig functions  : hj(z) = a; sin(b;z)
cubic splines  : hj(z) = a; + bj(z — ;) + ¢j(x — x;)? + dj(x — ;)3

Then

k
d
Yie =Y Biihj(w:) + €is, cin ™ N(0,07).
j=1
In matrix notation,

ind

Y, = FB + ¢, e ~ Np(0,V).

What are F and V?
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More DLMs for longitudinal data Dynamic nonparametric regression

Dynamic nonparametric regression

Yi =FOi+ e, €t ! N (0,V)
ind

0 = GOi_1 + wy, Wy ~ Np(O, Wt)

where
0r =B
hi(z1) hp(1)
F =
hi(zm) hp(zm)
vV =2,
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Dynarmic factor models
Dynamic factor model

Yy = A +v, v 2 Ny (0,V)
ind

Bt = pe—1 + W, wy ~ Np(0, W)

where A is a fixed m x p matrix of factor loadings with p < m.

Identifiability of A. Suppose H is a p X p invertible matrix. Then

Y, =Ap+v, w N, (0,V)
ind

fit = fig—1 + W, Wy '~ N(0,HWH")
with fiy = Hpy and A= AH L.

@ How many parameters in A? mp
@ How many parameters in W7 %p(p%— 1)
@ Number of free parameters is mp — %p(p —1).
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More DLMs for longitudinal data Dynamic factor models

|dentifiable dynamic factor models

One method of enforcing identifiability is

o Let W =1,
o Let A= [ B } where L is a lower triangular matrix and B can be
anything.

@ Total parameters are mp — %p(p —1).

Another method is
o Let W be diagonal
@ Let A;; =1and A;; =0 for j > .
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