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Dynamic Linear Models

Yt = Ftθt + vt vt
ind∼ Nm(0, Vt)

θt = Gtθt−1 + wt wt
ind∼ Np(0,Wt)

θ0 ∼ Np(m0, C0)

where vt and wt are independent across time and all are independent of θ0.

  

θt-1 θt θt+1

Yt-1 Yt Yt+1
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DLMs for longitudinal data Longitudinal data

Longitudinal data

Suppose at each time point, you have observations from multiple units,
e.g. people, countries, stocks, etc. The data can be represented as a
matrix.

Time
Item 1 2 · · · T

1 Y1,1 Y1,2 · · · Y1,T
2 Y2,1 Y2,2 · · · Y2,T
...

...
m Ym,1 Ym,2 · · · Ym,T
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DLMs for longitudinal data Individual univariate DLMs

Individual univariate DLMs

Suppose for each unit i = 1, . . . ,m, we can write down a univariate DLM:

Yi,t = Fθ
(i)
t + vi,t, vi,t

ind∼ N(0, Vi)

θ
(i)
t = Gθ

(i)
t−1 + w

(i)
t , w

(i)
t

ind∼ Np(0,Wi)

F and G are constant for all i and t

Vi and Wi are constant for all t

θ
(i)
t are still vectors, thus the notation

Is there a relationship between Vi and Vj or Wi and Wj for i ̸= j?

How about Cov(vi,t, vj,t) or Cov(w
(i)
t , w

(j)
t ) for i ̸= j?

Seemingly unrelated time series (SUTSE)
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Seemingly unrelated time series An m = 2 example

Linear trend models

Suppose you have a linear trend model for each unit i:

Yi,t = Fi,tθ
(i)
t + vi,t vi,t

ind∼ Nm(0, Vi,t)

θi,t = Gi,tθ
(i)
t−1 + w

(i)
t w

(i)
t

ind∼ Np(0,Wi,t)

What is Fi,t? Fi,t = (1, 0)⊤

What is Gi,t?

Gi,t =

[
1 1
0 1

]

What is Vi,t? Vi,t = Vi

What is Wi,t? Wi,t = Wi

What is θ
(i)
t ? θ

(i)
t = (µi,t, βi,t)
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Seemingly unrelated time series An m = 2 example

Combine these into a DLM with m = 2:

Yt = Ftθt + vt vt
ind∼ Nm(0, Vt)

θt = Gtθt−1 + wt wt
ind∼ Np(0,Wt)

θt = (µ1,t, µ2,t, β1,t, β2,t)

What is Ft?

Ft =

[
1 0 0 0
0 1 0 0

]

What is Gt?

Gt =


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1



What is Vt?

Vt = V =

[
V1 ?
? V2

]

What is Wt?

Wt = W =

[
Wµ 0
0 Wβ

]

What are Wµ and Wβ? If diagonal?
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Seemingly unrelated time series In general

Kronecker products

Given two matrices A and B, the Kronecker product A⊗B is defined as a1,1B · · · a1,nB
...

...
...

am,1B · · · am,nB



If A is 2x2, what is A⊗ I2?
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Seemingly unrelated time series In general

SUTSE model

Yt = (F ⊗ Im)θt + vt vt
ind∼ Nm(0, V )

θt = (G⊗ Im)θt−1 + wt wt
ind∼ Np(0,W )

where

The covariance matrices V and W are typically somewhat sparse. Often

off-diagonal elements of V are zero

off-diagonal elements of W are zero

some diagonal elements of W are zero
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Seemingly unrelated time series SUTSE example

The data
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Seemingly unrelated time series SUTSE example

Model setup

> mod <- dlmModPoly(2)

> mod$FF <- mod$FF %x% diag(2)

> mod$GG <- mod$GG %x% diag(2)

>

> W1 <- matrix(0, 2, 2)

> W2 <- diag(c(49, 437266))

> W2[1, 2] <- W2[2, 1] <- 155

> mod$W <- bdiag(W1, W2)

>

> V <- diag(c(72, 14353))

> Var[1, 2] <- Var[2, 1] <- 1018

> mod$V <- V

>

> mod$m0 <- rep(0, 4)

> mod$C0 <- diag(4) * 1e7

> mod <- as.dlm(mod)
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Seemingly unrelated time series SUTSE example

Filtering and one-step ahead prediction errors

> investFilt <- dlmFilter(invest, mod)

>

> sdev <- residuals(investFilt)$sd

> lwr <- investFilt$f + qnorm(0.025) * sdev

> upr <- investFilt$f - qnorm(0.025) * sdev
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Seemingly unrelated time series SUTSE example

Filtering
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Seemingly unrelated regressions model Individual univariate dynamic regressions

Individual univariate dynamic regressions

Suppose for each unit i, we have a univariate dynamic regression model:

Yi,t = F
(i)
t θ

(i)
t + vi,t, vi,t

ind∼ N(0, Vi)

θ
(i)
t = Gi,tθ

(i)
t−1 + w

(i)
t , w

(i)
t

ind∼ Np(0,Wi)

What is F
(i)
t ? F

(i)
t = (x1,t, . . . , xp,t) if covariates are common to all

series, as they will be in the example to follow

What is Gi,t? Gi,t = Ip

What is Vi,t? Vi,t = Vi

What is Wi,t? Wi,t = Ip

What is θ
(i)
t ? θ

(i)
t = (β

(i)
1,t, . . . , β

(i)
p,t)

⊤
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Seemingly unrelated regressions model Model

Simple multivariate dynamic regression

yt = (Ft ⊗ Im)θt + vt vt
ind∼ N(0, V )

θt = (G⊗ Im)θt−1 + wt wt
ind∼ N(0,W )

where

yt =

 y1,t
...

ym,t

 , θt =



α1,t
...

αm,t

β1,t
...

βm,t


, vt =

 v1,t
...

vm,t

 , wt =



w1,t
...

wm,t

wm+1,t
...

w2m,t


with Ft = (1, xt)

⊤, G = I2, and W = blockdiag(Wα,Wβ).
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Seemingly unrelated regressions model An example

Data
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Seemingly unrelated regressions model An example

Model setup

> CAPM <- dlmModReg(market)

> CAPM$FF <- CAPM$FF %x% diag(m)

> CAPM$GG <- CAPM$GG %x% diag(m)

> CAPM$JFF <- CAPM$JFF %x% diag(m)

> CAPM$W <- CAPM$W %x% matrix(0, m, m)

> CAPM$W[-(1 : m), -(1 : m)] <-

+ c(8.153e-07, -3.172e-05, -4.267e-05, -6.649e-05,

+ -3.172e-05, 0.001377, 0.001852, 0.002884,

+ -4.267e-05, 0.001852, 0.002498, 0.003884,

+ -6.649e-05, 0.002884, 0.003884, 0.006057)

> CAPM$V <- CAPM$V %x% matrix(0, m, m)

> CAPM$Var[] <- c(41.06, 0.01571, -0.9504, -2.328,

+ 0.01571, 24.23, 5.783, 3.376,

+ -0.9504, 5.783, 39.2, 8.145,

+ -2.328, 3.376, 8.145, 39.29)

> CAPM$m0 <- rep(0, 2 * m)

> CAPM$C0 <- diag(1e7, nr = 2 * m)
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Seemingly unrelated regressions model An example

Smoothing inference

> CAPMsmooth <- dlmSmooth(y, CAPM)
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Seemingly unrelated regressions model An example

Smoothed estimates
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More DLMs for longitudinal data

Longitudinal data

Suppose at each time point, you have observations from multiple units,
e.g. people, countries, stocks, etc. The data can be represented as a
matrix.

Time
Item 1 2 · · · T

1 Y1,1 Y1,2 · · · Y1,T
2 Y2,1 Y2,2 · · · Y2,T
...

...
m Ym,1 Ym,2 · · · Ym,T
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More DLMs for longitudinal data Hierarchical DLMs

Individual DLMs

Yi,t = Fi,tθi,t + vi,t, vi,t
ind∼ N(0, σ2

i,t)

SUTSE: Necessary to estimate blocks of m×m matrices in the covariance
matrix W . Instead:

θi,t = λt + ϵi,t, ϵi,t
ind∼ Nk(0,Σt)

λt = Gλt−1 + wt, wt
ind∼ Nk(0,Wt)

Hierarchical DLM:

Yt = Fy,tθt + vt, vt
ind∼ Nm(0, Vy,t)

θt = Fθ,tλt + ϵt, ϵt
ind∼ NP (0, Vθ,t)

λt = Gtλt−1 + wt, wt
ind∼ Nk(0,Wt)
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More DLMs for longitudinal data Hierarchical DLMs

Hierarchical DLMs

Hierarchical DLM:

Yt = Fy,tθt + vt, vt
ind∼ Nm(0, Vy,t)

θt = Fθ,tλt + ϵt, ϵt
ind∼ NP (0, Vθ,t)

λt = Gtλt−1 + wt, wt
ind∼ Nk(0,Wt)

where
θt = (θ⊤1,t, . . . , θ

⊤
m,t)

⊤

Fy,t = blockdiag(Fi,t)
Fθ,t = [Ip| · · · |Ip]⊤
Vy,t = diag(σ2

i,t)

Vθ,t = blockdiag(Σt)
Gt = G
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More DLMs for longitudinal data Hierarchical DLMs

Integrating out θt

Let’s write this as a standard DLM

Yt = Fy,tFθ,tλt + v∗t , v∗t
ind∼ Nm(0, Fy,tVθ,tF

⊤
y,t + Vy,t)

λt = Gtλt−1 + wt, wt
ind∼ Nk(0,Wt)
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More DLMs for longitudinal data Dynamic nonparametric regression

Longitudinal data with common covariates

Suppose at each time point, you have observations from multiple units,
e.g. people, countries, stocks, etc., with a common covariate. The data
can be represented as a matrix.

Time
Item 1 2 · · · T Covariate

1 Y1,1 Y1,2 · · · Y1,T x1
2 Y2,1 Y2,2 · · · Y2,T x2
...

...
m Ym,1 Ym,2 · · · Ym,T xm
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More DLMs for longitudinal data Non-parametric regression

Let’s allow flexibility in how Y relates to x:

E(Yt|x) =
k∑

j=1

βj,thj(x)

where hj(x) may be, e.g.

powers : hj(x) = xj

trig functions : hj(x) = aj sin(bjx)
cubic splines : hj(x) = aj + bj(x− xj) + cj(x− xj)

2 + dj(x− xj)
3

Then

Yi,t =

k∑
j=1

βj,thj(xi) + ϵi,t, ϵi,t
ind∼ N(0, σ2).

In matrix notation,

Yt = Fβt + ϵt, ϵt
ind∼ Nm(0, V ).

What are F and V ?
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More DLMs for longitudinal data Dynamic nonparametric regression

Dynamic nonparametric regression

Yt = Fθt + ϵt, ϵt
ind∼ Nm(0, V )

θt = Gθt−1 + wt, wt
ind∼ Np(0,Wt)

where
θt = βt

F =

 h1(x1) · · · hp(x1)
...

...
h1(xm) · · · hp(xm)


V = σ2Im
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More DLMs for longitudinal data Dynamic factor models

Dynamic factor model

Yt = Aµt + vt, vt
ind∼ Nm(0, V )

µt = µt−1 + wt, wt
ind∼ Np(0,W )

where A is a fixed m× p matrix of factor loadings with p < m.

Identifiability of A. Suppose H is a p× p invertible matrix. Then

Yt = Ãµ̃t + vt, vt
ind∼ Nm(0, V )

µ̃t = µ̃t−1 + w̃t, w̃t
ind∼ Np(0, HWH⊤)

with µ̃t = Hµt and Ã = AH−1.

How many parameters in A? mp

How many parameters in W? 1
2p(p+ 1)

Number of free parameters is mp− 1
2p(p− 1).
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More DLMs for longitudinal data Dynamic factor models

Identifiable dynamic factor models

One method of enforcing identifiability is

Let W = Ip,

Let A =

[
L
B

]
where L is a lower triangular matrix and B can be

anything.

Total parameters are mp− 1
2p(p− 1).

Another method is

Let W be diagonal

Let Ai,i = 1 and Ai,j = 0 for j > i.
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