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[DYLETNIININEETNICL IS EM  Structure, notation, and terminology

Structure

Y, = Fb + v v ~ N (0, V)
9,5 = Gtet—l + Wi wg ~ Np(O, Wt)
90 ~ Np(mo, Co)

YOY
-G
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Dynamic linear models Local level model

Local level model

Yi =0+ v v ~ N1(0,V)
«9,5 = et_l + Wi W ~ Nl(o, W)
o~ Ni(mog,Co)

Signal-to-noise, r = W/V.

Signal-to—noise: 0.1 Signal-to—noise: 1 Signal-to—noise: 10
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amic linear models Local level model

Local level model

Y:
0y
p(0o)

=0+ v
=01+ wy
= N(mo, Co)

Signal-to-noise, r = W/V.

Signal-to—noise: 0.1

Signal-to—noise: 1

Vg ~ N(O,V)
W ~ N(O, W)

Signal-to—-noise: 10
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Idea
Kalman filter idea

Goal: obtain p(0¢|y1.¢)

Recursive procedure:
@ Assume p(6:—1|y1.4-1) p(0—1|y1:-1) = N(mi—1,Ct 1)
@ Prior for 6;

p(O¢|y1:6—1) = /p(9t|9t71)p(9t71\:Ul:tfl)datfl

@ One-step ahead predictive distribution for y;

p(yt|y1;t_1) = /p(yt|9t)p(9t|y1:t—1)d9t

@ Filtered distribution for 6,

0)p(0, |y,
p(Oely1+) = Pyl 0:)p(Oely1:e—1)
p(yt|y1:t—1)
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LEIMELRIN-a The hard way

@ Prior for 6

p(Otly1:e—1) = /N<0t§Gt0t—17Wt>N(9t—13mt—lvCt—l)dat—l
1 1 Tor—1
= /W exp (—E(Gt — Gt0p—1) Wt (8¢ — Gtgt—l))
1 1 T -1
WEXP (*5(9t—1 —mi_1) Ct,l(ot—l *’mt—l)) doy_1

N(a¢, Re)

@ One-step ahead predictive distribution for y

ptlvri-n) = [ p@ilo0p(@ilv1e—1)d6s

/N(yf,;Ftet,vt)Nwt;at,Rt)det

g 1 1 Ty,—1
= / W exp (*E(Qt — Ft6¢) Vi (yt — Ftot)>
1 1 T p—1
W exp (-g(gt —at) Rt (G ﬂt)) doy
= N(ft,Q¢)

@ Filtered distribution for 6

p(yel0)p(Oclyiie—1)  N(ye; Febe, Vi) N(0¢; at, Re)

P(ytly1:e—1) N(yt; ft,Qt)
N(m¢, Ct)
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Kalman filtering Kalman filter

Latent state prior

Assume p(6¢—1|y1:t—1) = N(my—1,Ci—1). Find p(0¢|y1:t—1)-

Evolution equation: 6; = G0;_1 + w; where w; ~ N,(0, ;).

o CONAN = 6|y1.4—1 is normal

o Elbi|y1t—1] = Gymy_1 = ay

o Var[fyi+_1] = G:Cy 1G] + W; = R;
® p(0¢y1:4—1) = N(az, Ry).
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el
One-step ahead prediction

Prior is p(0¢|y1:4—1) = N(az, Re). Find p(yi|y1:e-1).

Observation equation: y, = F;0; + v; where v; ~ N,,,(0,V;).

o CONAN = w|y1.4—1 is normal
° Elytlyii—1] = Frar = f;
o Var[ylyii—1] = FiRE, +V, = Q,

® p(yelyr:i—1) = N(ft, Qr).
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Kalman filtering Kalman filter

Latent state posterior - linear regression approach

We have p(et‘yl;t_l) = N(at,Rt). Find p(9t\y1;t)-

Observation equation: y, = F;0; + v; where v; ~ N,,,(0,V;).

o Linear regression = 0;|y1.; is normal

o Var(tlyis) = (R, ' + FV, 'F)~' = ¢,
o Elb|y1]) = Co(R; 'ay + FTV, yy) = my
© p(Ocly1:) = N(my, Cy).
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el
Latent state posterior - multivariate normal approach

Prior is p(0¢|y1:4—1) = N(a¢, R¢) and p(y¢|y1:.—1) = N(fi, Q). Find
P(Oc]y1:).

Consider
Yt
o([0]

@ MVN theory = 6;|y1.4—1, y: is normal
o Elbi|y14] = ar + RiF Q7 ye — fo) = mu
o Var[0i|yis] = R — RiF,' Q; 'F,R, = C,
© p(blyr) = N(my, Cy).
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Kalman filtering Kalman filter

Kalman filter

Assume p(0;-1|y1:t-1) = N(mi-1,Ci—1).
Obtain prior p(0¢|y1.4—1) = N(at, Rt) where

ay = Gtmt_l and Rt = GtCt_thT + Wt.

Obtain one step ahead predictive p(y¢|y1..—1) = N(fi, Q¢) where

fi=Fa, and Q=FERF +V,.

Obtain posterior p(6¢|y1.1) = N(my, Cy) where

my = at+Kt€t and Ct = Rt—KtQthT
et = yi— [t and K; = RF Q;°

K is the Kalman gain or adaptive coefficient.
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Kalman filtering Kalman filter example

Local level model

Y =0, + v UtNN(OaV)
Gt = 9,5_1 + Wy W ~ N(O, W)
p(fo) = N(mo,Co)

Signal-to-noise, r = W/V.

Signal-to—noise: 0.1 Signal-to—noise: 1 Signal-to—noise: 10
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Kalman filtering Kalman filter example

Local level model

Y =0, + v UtNN(OaV)
Gt = 975_1 + Wy W ~ N(O, W)
p(fo) = N(mo,Co)

Signal-to-noise, r = W/V.

Signal-to—noise: 0.1 Signal-to—noise: 1 Signal-to—noise: 10
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Kalman filtering Kalman filter example

Kalman gain (adaptive coefficient)

Signal-to—-noise: 0.1

Signal-to—noise: 1

Signal-to—noise: 10

Kalman gain (adaptive coefficient)
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Kalman filtering Missing observations

Kalman filter

o Assume p(0i—1|y1:t—1) = N(mp—1,Ci—1).
@ Obtain prior p(6¢|y1:.—1) = N(as, R¢) where

ar = Gimy_1 and Ry = G:Cy 1G] + W,
@ Obtain one step ahead predictive p(y¢|y1..—1) = N(fi, Q¢) where
ft=Fa; and Q= FthFtT + Vi
e Obtain posterior p(0¢|y1.1) = N (my, Cy) where

my = at+Kt€t and Ct = Rt—KtQthT
et = Yt — fi and K; = RtFtTQfl
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Kalman filtering Missing observations

Kalman filter with missing data

o Assume p(6i—1|y1:t—1) = N(me—1,Ci—1).
@ Obtain prior p(6¢|y1:.—1) = N(as, R¢) where

ar = Gymy_1 and Ry = GtCt_thT + W4
@ Obtain one step ahead predictive p(y:|y1..—1) = N(fi, Q¢) where
fi=Fa, and Q =ERFE +V,.

@ Obtain posterior p(6¢|y1.t) = N(my, Ct) where
e If y; is not observed, m; = a; and C; = R;.
o If y, is observed,

my = ai+ K, and Cp = R, — KQK,
e0 = y—fi and K, RFQ;!
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Forecasting
Forecasting

Forecasting is simply the Kalman filter with missing observations. So,

9t+k ~ at(k) Rt(k) FH_th(k)
( Yien > N ([ fulk) ] ’ [ R(k)F),  Qulk) D

where

(k) = Grgar(k —1)

(k) =GrpRi(k — 1G]+ Wipk
fi(k) = Frrpar(k)

(k) = FrRe(R)R/ + Vi
with (Lt(O) = My and Rt(O) = Ct.
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Kalman filtering Kalman Smoother

Kalman Smoother

Smoothing can be accomplished in a manner similar to the Kalman filter
via the Kalman smoother. If we have 6;41|y1.7 ~ N(S¢41,Si+1), then
Otly1.m ~ N (s, St) where

st =mi+ GGl R (5001 — ar)
Si = Cy— GG R (Reyt — Sep1) R4 Gea G
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Kalman filtering Backward sampling

Backward sampling

Recall
o p(0:y1.t) = N(my, Ct) is available for all ¢ from filtering and
® p(04|01+1,y1.7) = N(he, Hr) with

H = (C7'+GL WG
hy = H(C;/lmy +GL1W1;11915+1)

The algorithm is then
e Forward filter to obtain p(6;|y1.1) = N (my, Cy) for all ¢.
e Sample O ~ H(mp,Cr).
e Fort=T-1T-2,...,1,0,

o Calculate hy and H; based on 6;1.
e Draw Gt ~ N(ht7 HT)

This is then a joint draw of 0.1 ~ p(6o, ..., 07|y1.7).
Dynamic linear models October 10, 2017
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Kalman filtering Backward sampling

Inference questions?

Any questions on performing inference on the latent states in a DLM?
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Model components

Decomposition of time series

Consider a univariate series Y;. Think of this series has being the sum of
independent components

h
YVi=Yig+-+ Y= Yy
=1

where each component has its own independent DLM (dynamic linear
model),

Yie =Fi0ii+vig vit ~ N(0, Vi)

Oir =Gibit—1+wiy wi g ~ N0, W; 1)

Then
Y =Fb0 +uv vy ~ N(0,V;)
0 = Gb—1 +wy wy ~ N (0, W)
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Model components

Observation equation

Recall
Vi =Y+ + Yy

Yie =Fii0ir+vig vig ~ N(0,Viy)

=
I

hlyvzt
[zt01t+vzt]

ztezt'i_zz 1 Vit

= e Fiiliy + vy v ~ N(0,V;) %:Z?:IVM

:F9 +?}t

I
1010

”ﬂ RN

where

0; = : Fy = [Fig|- - |Fnq
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Model components

Evolution equation

Recall
014 G1401,0—1 +wiy G1,401,-1 w1t
0 = : = : = : + :
Ont | Gnibhi—1 +wny GhiOhi—1 Wh, ¢
G1,401,6—1
= : + wy = Gibi—1 +wy
| Ghtbhi-1

where w; ~ N (0, W;) and

Wl,t Gl,t
Wt frnd . i Gt ==

Wh Ght
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Combining model components
Consider

Yi :Ft9t+vt UtNN(O,V;g)
0 = Gb—1 +wy wy ~ N (0, Wy)

where V; = 3" v,

01,4
0y = : Fy=1[Fi4|- - |Fnyl
On ¢
and
Wi Gzt
Wt = - i Gt = -
Wh,t Gh,t
Dynamic linear models October 10, 2017
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Polynomial trend models Introduction

Polynomial trend model definition

A polynomial model of order n is a DLM with constant [and
specified] matrices Fy = F' and Gy = G, and a forecast function

of the form
fi(k) = E(Yinlyre) = aro + agak + -+ agn1k™ ', k>0

where at, ..., atn—1 are linear functions of my = E(6¢|y1.+) and
are independent of k. Thus, the forecast function is a polynomial

orordern—1 in k.

In practice we use,
@ Local level model (n =1).
@ Linear trend model (n = 2).
@ Exponential trends are accommodated by taking logs and then using
a linear trend model.
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Polynomial trend models Local level model

Local level model

Y; :9t+1}t UtNN(O,V)
9t = 915_1 + wy we ~ N(O, W)
p(bo) = N(mg,Ch)

where F; =F =1 G;=G=1,V;=V,and W, = W.

What is the forecast function? f;(k) = E(Yiik|y1:e) = my.
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Polynomial trend models Local level model

Lake Superior data

o
<
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Polynomial trend models Local level model

Lake Superior data

@
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o= (] =)
Lake Superior data

Series res
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1.0

0.6
I

ACF
I

-1

-2

0.2

T
190

0 1920 1940 1960 1980 0 5 10 15

Time Lag

Normal Q-Q Plot

Sample Quantiles
-1

-2
I

Jarad Niemi (STAT615@ISU)

Theoretical Quantiles

Dynamic linear models October 10, 2017

29 / 224



Linear trend model
Linear trend model

Y =+ v~ N(0,V)
pe = pe—1 + Bi—1 + w1 wy1 ~ N(0, UZ)
B = Br—1+ we w2 ~ N(0,03)

p(fo) = N(mo,Co)

o F,=F =(1,0)
o O = (s, B)"

1 1
“=lo1]
e Forecast function f;(k) = E[Yiir|y14] = fie + kB
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(62 ] e
Lake Superior data

observed i
-+ one-step-ahead forecast - model 1 ;

g % one-step-ahead forecast - model 2 )

g1 - - 5years forecast - model 1 ;

~ 5 years forecast - model 2 ;)
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Linear trend model
Polynomial trend models

Y; = F0; + v vg ~ N (0,V})
0 = Gb_1+wy wy ~ Np(0, Wy)
p(6o) = N(mo,Co)

° - -—
11 0 0 0
01 1 0 0
Gi=G=|: L
0 - 0 1 1
0 - 0 1

o Wt = W:dlag(Wl,,Wn)
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Polynomial trend models Linear trend model

Specifying a local level model in R
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Eaup e
Example seasonal time series

Air temperatures at Nottingham Castle
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Seasonal models Example time series

Regression - air temp on month

Coefficients:

Estimate Std. Error t value Pr(>|tl)

(Intercept) 46.
xAug 14.
xDec -6.
xFeb -7.
xJan -6.
xJul 15.
xJun 11
xMar -4.
xMay 6.
xNov -3.
x0ct 3.
xSep 10.

Signif. codes:

Residual standard error: 2.315 on 228 degrees of freedom
Multiple R-squared: 0.9304,
F-statistic: 277.3 on 11 and 228 DF,

2900
2300
7600
1000
5950
6100

.7500

0950
2700
7100
2050
1900

O ***x 0.001 **x 0.01 * 0.05 .

Jarad Niemi (STAT615@ISU)

[eleleleNoNeNeRoEeNele o]

.5176
.7320
.7320
.7320
.7320

7320

.7320
.7320
.7320
.7320
.7320
.7320

89.

433 < 2e-16
440 < 2e-16
.235 < 2e-16
.700 < 2e-16
.010 < 2e-16
.325 < 2e-16
.062 < 2e-16
.594 6.32e-08
.566 1.62e-15
.068 8.29e-07
.378 1.82e-05
.921 < 2e-16

0.1

Dynamic linear models

kK%
kK k
kK%
kK%
koK ok
kK%
koK ok
kK%
kK k
kK k
kkk
koK ok

Adjusted R-squared: 0.9271
p-value: < 2.2e-16
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Seasonal models Example time series

No intercept regression - air temp on month

Coefficients:

Estimate Std. Error t value Pr(>|tl)
xApr 46.2900 .5176 89.43 <2e-16
xAug 60.5200 .5176 116.93 <2e-16
xDec 39.5300 .5176 76.37 <2e-16
xFeb 39.1900 .5176 75.72 <2e-16
xJan 39.6950 .5176 76.69 <2e-16
xJul 61.9000 5176 119.59 <2e-16
xJun 58.0400 .5176 112.13 <2e-16
xMar 42.1950 .5176 81.52 <2e-16
xMay 52.5600 .5176 101.55 <2e-16
xNov 42.5800 .5176 82.27 <2e-16
x0ct 49.4950 .5176 95.62 <2e-16
xSep 56.4800 .5176 109.12 <2e-16

O OO O OO0 O0O0OO0O OO

k% %k
k% k
* %k %k
* %k k
%k k
* %k
k% k
k% %k
k% k
k% %k
k% k
%k k

Signif. codes: O *** 0.001 **x 0.01 * 0.05 .

Residual standard error: 2.315 on 228 degrees of freedom
Multiple R-squared: 0.9979, Adjusted R-squared: 0.9978
F-statistic: 9231 on 12 and 228 DF, p-value: < 2.2e-16
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Seasonal models Example time series

Time series decomposition

> plot(decompose (nottem))

Decomposition of additive time series

observed
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49 50
!
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5 10 47
L
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T T T T T
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Eaup e
Example seasonal time series

Air temperatures at Nottingham Castle
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Seasonal models Example time series

/ero-mean seasonal time series

Deviations from average air temperatures at Nottingham Castle
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SEEECUEINGI SO Seasonal factor models

Seasonal factors

Suppose all s seasons have a factor «;. Then

Yi = ar+wun
Yo = ag+ v Y, = Fbi+v
0 = Gibi—1 +wy
Y, = s+ vs where
Ysr1 = a1+wvsp 0, = (a1,00,...,0)7
Yoro = a2+ 0sp F, = F=(1,0,0,...,0)
: 0 1 0 0
Yos = a5+ vas 001 0
Yosi1 = a1+ vosiy G, = G=|: : : :
Yosto = a2+ v2si2 000 1
1 0 O 0
Wy = W =0 (maybe)
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el
Rotating factors

If 6, = (041,042,. . .,Oés)T and W; =0, what is 6,7

T
‘92 = G91 = (042,043,044, s 7a57a1)

T
03 = GOy = (a3, ay,...,0as01,02)
et = G9t_1:(aj,aj+1,...,a5,a1,..

where j =t mod s (j%%s in R).

Jarad Niemi (STAT615@ISU) Dynamic linear models
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SEEECLEINVICEI  Seasonal factor models

Alternative DLM for seasonal factors

Suppose all s seasons have a factor «;. Then

Yi = a1+wn Y, = Rbdtw
Yy, = an+ vy 0 = Gibi_1+wy
where
Yo = as+wvs 01 = (a1,04 a5 1,...,00)"
Yst1 = a1+ uvsq F, = F=(1,0,0,...,0)
Ysto = a2+ sy [0 0 0 17
1 0 0 0
o1 -~ 0 O
Yos = s+ v G = G=1|- - . . .
Yost1 = a1+ vosi1 0 0 . .. . ()' O
Yasi2o = a2+ vy )
L0 0 1 0 |
Wy = W=0 (maybe)
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SEEECLEINVICEI  Seasonal factor models

|dentifiability in seasonal factor models

@ Modeling mean separately
@ Looking at deviations from the mean
= parameter identifiability issue

o ldentifiability constraints:
o Set a; =0 for some j € {1,2,...,s}.
o Sum-to-zero constraint, i.e. Zle a; = 0.
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SEEECLEINVICEI  Seasonal factor models

Parsimonious seasonal factor model

Y = Fi0p + v
(2 = G0 + we . .
What is 0 if W = 07
where -
02 = GO = (az,a1,as,05-1,...,04)
o = )" i
1 = A, Qgy Qg1 - -5 O3 03 = GO = (a3z,as,a1,Qs,05_1,...,0Q5)
F, = F=(1,0,...,0)
-1 -1 .- -1 -1
1 0 0 0
0 1 0 0 0 = GO
-
G = G= : : : - : = (aj,Qj 1,01, Qs Qg 1y, 04 2)
0 0 0 0
0 0 1 0 where j = ¢ mod s.
Wy = W =0 (maybe)
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SEEECUEINGI SO Seasonal factor models

Seasonal factor model in R

##
##
##
##
##

##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

Call:
Im(formula = y - mean(y) ~ x - 1)
Residuals:

Min 1Q Median 3Q Max
-7.890 -1.369 0.285 1.405 6.270
Coefficients:

Estimate Std. Error t value Pr(>|tl)
xJan -9.3446 0.5176 -18.054 < 2e-16 **x*
xFeb -9.8496 0.5176 -19.030 < 2e-16 **x*
xMar -6.8446 0.5176 -13.224 < 2e-16 **x*
xApr -2.7496 0.5176 -5.312 2.57e-07 **x*
xMay 3.5204 0.5176 6.802 9.00e-11 **x
xJun 9.0004 0.5176 17.389 < 2e-16 **x
xJul 12.8604 0.5176 24.847 < 2e-16 **x
xAug 11.4804 0.5176 22.180 < 2e-16 **x
xSep 7.4404 0.5176 14.375 < 2e-16 **x*
x0ct  0.4554 0.5176  0.880 0.38
xNov -6.4596 0.5176 -12.480 < 2e-16 ***
xDec -9.5096 0.5176 -18.373 < 2e-16 ***
Signif. codes: O ’#x*’ 0.001 ’#*’ 0.01 ’%’ 0.05 ’.” 0.1 > °

Residual standard error: 2.315 on 228 degrees of freedom

Multiple R-squared:

F-statistic:

0.9304, Adjusted R-squared: 0.9268

254.2 on 12 and 228 DF, p-value: < 2.2e-16
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SEEECUEINGI SO Seasonal factor models

Seasonal factor model in R

library(dlm)
nottem.model = dlmModSeas(12,dV=2.315"2,dW=rep(0,11))
nottem.filter = dlmFilter(y-mean(y),nottem.model)

length(y) + 1
data.frame(mean =

n =

##
##
##
##
##
##
##
##
##
##
##
##
##
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xJan
xFeb
xMar
xApr
xMay
xJun
xJul
xAug
xSep
x0ct
xNov
xDec

=
s
-6.
. 7495832
.5204166
.0004164
125
ikily
.4404165
.4554167
.4595831
.5095831

0
© W N

[
© o o~

1m_mean

mean
3445833
8495830
8445831

8604163
4804164

s
=)
-6.
2l

-
N © w

ilily

o~

1lm_mean
3445833
8495833
8445833
7495833

.5204167
.0004167
.8604167

4804167

.4404167
.4554167
.4595833
.5095833

c(-sum(nottem.filter$m[n,]), rev(nottem.filter$m[n,])),
= m$coefficients)
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Fourier form seasonal models Basis

Canonical basis

Suppose all s seasons have a factor «;. Then, think of « as a linear
combination of basis vectors

s
a = (Oél,...,Oés) = Zaiui
=1

where u; is the s-dimensional vector having the ¢th component equal to
one and all other elements zero.

@ This representation lacks
o Interpretation

o Smoothness differentiation
e Parsimony
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Fourier form seasonal models Basis

Fourier frequencies

Let )
J . $
wj :271';, J :0,1,...,5
where s is the length of the period.
Consider
eo = (1,1,...,1)T
c1 = (coswy,cos2wi,...cosswy)
s1 = (sinu.;l,sinQQ.zl,...sinso.)l)T
¢; = (coswj,cos2wj,...cossw;)
s; = (sinwj,sin2wj,...sinsw;)T
csy2 = (coswgy g, c08 2wy /g, . . . COS sws/2)T

Ss/2 is all zeros
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Fourier form seasonal models Basis

Plotting Fourier basis
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Basis
Fourier basis

Basis for R®

s/2—1

a = apeqg + Z ((IjCj + bjsj) + as/ch/Q'
7=1

Assume ag = 0 since the mean will be modeled separately, e.g. through a
polynomial trend model. For j =1,2,...,5/2, the jth harmonic is

Sj(t) = ajcos(tw;) + bjsin(tw;)
= Aj cos(tw; + v5)

where b5 =0, Aj = ,/ajz + b? is the amplitude, and
7; = arctan(—b;/a;) is the phase.
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(RN (T ENLEINNI S EI  Building a DLM

Evolving a harmonic

For j =1,2,...,5/2, the jth harmonic is
S;j(t) = aj cos(tw;) + bj sin(tw;)
What is S;(t+1)? It is
Si(t+1) = ajcos([t + 1w;) + bj sin([t + 1]w;).

For j < s/2, if we only know the value of S;(t), i.e. we don't know the
value of a; and b; individual, we cannot determine S;(¢ + 1). But we can
find that

Sj(t+1) = ajcos([t+ 1|w;) + bjsin([t + 1]w;)

= .(aj cos(tw;) + b; sin(tw;)) cos(w;)+
+(—a; sin(tw;) + bj cos(tw;)) sin(w;)

_— . . * 1 .
= S;(t) cos(w;) + S5 (t) sin(w;)
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Building 2 DLM
Building a DLM - constructing G

For j =1,2,...,s/2, the jth harmonic is
S;j(t) = aj cos(tw;) + bj sin(tw;)
The conjugate harmonic is
S3(t) = —ajsin(tw;) 4 bj cos(tw;).
And the jth harmonic evolves in time according to

[ Si(t+1) } _ [ coswj  sinw; ] [ S;(t) ]

Si(t+1) —sinwj COS Wj S3(t)
and
SS/Q(t + 1) = _SS/Q(t)
Dynamic linear models October 10, 2017
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Building 2 DLM
Period 5 DLMs

Consider DLMs containing only seasonality of frequency j < s/2.

e B et |

So this is a DLM with evolution matrix

H: — COSLL)]' smwj
J —sinw; cosw;

state vector (5;(t), S;f(t))T, and observation matrix F' = [10].
If j = s/2, we have

Sgya(t +1) = cos((t + 1)m) = — cos(tm) = —S5/5(t)

which is a DLM with state vector S, /5(t), evolution matrix H,/, = [—1],

and observation matrix F' = [1].
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Fourier form seasonal models Building a DLM

Fourier form seasonal DLM
Combine these period 57 DLMs using our combining rules:
0, = (S1(0), ST(t)..... S51(1). 55 (1), S5(1)"
with evolution matrix
G = blockdiag(Hq, . .. ,H%)

and observation matrix

and initial vector

00 = (CLl, bla ) a’%—la b%—l’ a%)—r'
The seasonal process can be made more smooth by dropping higher

harmonics.
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r form seasonal models Building a DLM

Nottingham data

d = ddply(data.frame(harmonics=1:6), .(harmonics), function(x) {
nottem.model = dlmModTrig(12,x$harmonics,dV=2.315"2,dW=rep(0,11))
nottem.filter = dlmFilter(y-mean(y),nottem.model)
forecast = dlmForecast(nottem.filter, 12)
data.frame(month = factor(months, levels=months),

effect = forecast$f)
13
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Ekpelelth
Nottingham data

ggplot (subset (d, harmonics==6), aes(month, effect, group=1)) +
geom_line() +
theme_bw ()

104

54
g
=
o

0

_5

~104

Jan Feb Mar Apr May  Jun Jul Aug  Sep Oct Nov  Dec
month
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Ekpelelth
Plotting Harmonics for Nottingham data
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Ekpelelth
Nottingham data - fewer harmonics

d$harmonics_f = factor(d$harmonics)

ggplot(d, aes(month, effect, color=harmonics_f, shape=harmonics_f, group=harmonics_f)) +
geom_point () +
geom_line() +

theme_bw ()
104
54 harmonics_f
-1
-2
s}
g -
3] —+4
-5
6
5
~104
Jan  Feb Mar Apr  May Jun  Jul  Aug Sep Oct Nov Dec
month
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Fourier form seasonal models General periodic components

Sunspots

The previous development works for even period s and odd period s with
the slight change that j = 0,...,(s — 1)/2. A similar development can be
constructed for periodic observations with a non-integer period. In this
example, the period for sunspots was estimated to be 130.51 months. This
quantity and the variances were estimated via MLEs.

mod <- dlmModTrig(q = 2, tau = 130.51, dV = 0,
dW = rep(c(1765e-2, 3102e-4), each = 2)) +
dlmModPoly(1, dV = 0.7452, dW = 0.1606)

sspots <- sqrt(sunspots)
sspots.smooth <- dlmSmooth(sspots, mod)
y <- cbind(sspots,
tcrossprod(dropFirst (sspots.smooth$s[, c(1, 3, 5)]1),
matrix(c(0, 0, 1, 1, 1, 0), nr = 2,
byrow = TRUE)))
colnames(y) <- c("Sunspots", "Level", "Periodic")

Jarad Niemi (STAT615@ISU) Dynamic linear models October 10, 2017 59 / 224



Fourier form seasonal models General periodic components
Sunspots

plot(y, yax.flip = TRUE, oma.multi = c(2, 0, 1, 0))
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ARMA model definton
ARMA(p,q) [Box-Jenkins models]

Assuming p = 0, the autoregressive moving average model is :

P q
i = Z%Yl—j + Z%‘Gt—j + &
= =1

r r—1
i = Y oY+ tiejte
j=1 J=1

where r = max{p, ¢ + 1} with ¢; =0 for j > p and ¢; =0 for j > ¢ and

ind

e ~ N(0,02).
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DLM representation of an ARMA model
DLM representation of ARMA model

Then an ARMA(p,q) is a DLM with

Y. = Fb
0, = GO_1+ Re
with V = 0
W = RR'os?

et = (917757 cey GT,t)T
F = (1,0,....0)

i o1 1 0 -+ 0]
¢ 0 1 -~ 0
G = L Lo
¢r—1 O -~ 0 1

¢ 0 - 0 |

_ T
R = (17¢17"'7¢7‘—27w7‘—1)
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DLM representation of an ARMA model
Verification of DLM representation of an ARMA model

}/t =
bhe =
o, =

er—l,t
er,t =

01,
$1014—1+ 0241 + &
P2l 41+ 031 +YP1€s

Gr_1014-1 + 01 + Yr_oeq
(brel,tfl + ’(/J'r'flet
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DLM representation of an ARMA model
Verification of DLM representation of an ARMA model

Yo = by
01,4 = G101 ,—1+ 021+ €
Oo—1 = ol o+ 034 0+ Prei

Gr—101i—(r—1) T Ort—(r—1) T Vr—26_(r_2)

er,t—(r—l) = ¢T91,t—r + wr—let—(r—l)
—
010 = G011+ Pl —2+ 030+ Vi1 + €
=
bhe = Q1011+ + b 161+ H 16 (1) T 6
i = oViat+- 4oVttt H a6 1) ta
r r—1
Y. = Z(bjyl,tfj +Z"/’j6t7j + &
=1 =1
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ARIMA models
ARIMA(p,d,q)

e An ARIMA(p,d,q) can be fit by taking the dth order difference of the
data and then applying an ARMA(p,q) model.

o Clearly we can do the previous with the DLM representation.

@ Alternatively, ARIMA models have a direct DLM representation (see
section 3.2.5 in Petris)

o ARIMA models are typically used for non-stationary time series.

@ In the DLM framework, modeling non-stationarity through a
polynomial trend or seasonal model is more common than using the
ARIMA framework.
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Log US GDP
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Sl
A model for Log US GDP

}/t(p) — F(p)egp) Y;(g) _ F(g)et(g)
et(l)) _ G(p)elgg)l_’_wgp) 9159) — G(g)0§3)1+wt(9)
01517) —_ (Y't(P)’é*t)T 9759) — (}/t(g)?et(%))T
F? = (1,07 FO = (1,07

11 & 1
G = @) — 1

[0 1] ¢ [<Z52 0}
w® = diag(o?,0?) W@ = diag(o?,0)
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ARMA models Output gap example

A model for Log US GDP

0y

Vv
w
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Y,
0,

= FO;+ v
= GO+ w

(Yt(p)’ 5, Yt(g), 915,92))1'

(1,0,1,0)
11 0 0
01 0 0
00 ¢ 1
00 ¢ O
0

diag(c?,02,062,0

€Y zrru
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Sl
MLE parameter estimates in Log US GDP model

> levelO <- Lgdp[1]

> slope0 <- mean(diff(Lgdp))

> buildGap <- function(u) {
trend <- dlmModPoly(dV le-7, dW = exp(ul1:2]),

mO0 c(levelO, slope0), CO = 2 x diag(2))

gap <- dlmModARMA(ar = u[4:5], sigma2 = exp(ul3]))
return(trend + gap)}

init <- c(-3, -1, -3, .4, .4)

outMLE <- dlmMLE(Lgdp, init, buildGap)

dlmGap <- buildGap(outMLE$par)

sqrt (diag(W(d1lmGap)) [1:3])

[1] 0.0057817835 0.0000763763 0.0061453639

> GG(dlmGap) [3:4, 3]

[1] 1.4806256 -0.5468107

vV V V V
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Sl
MLE parameter estimates in Log US GDP model

gdpSmooth <- dlmSmooth(Lgdp, dlmGap)
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DLM Regression models DLM Regression models

Standard regression model

Consider a temporal regression problem with y; € R and z; € RP. A
standard regression model assumes

yt:xz—@—l—et, €t ind N(O,Uz).

But, if the effect of z; on y; changes with ¢, we may want to consider the
model -
yt:$:9t+€t, €t £ N(O,(TQ).
And put some kind of evolution on 6, e.g.
ind

Gt = Gtet—l + Wt, wg Np(O, Wt)

Outstanding problem: How can we differentiate dynamic coefficients from
autocorrelated errors?
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DLM Regression models DLM Regression models

Dynamic regression model

This dynamic regression model written as a DLM is

Y, =Ff+vu v N0, 0?)
ind

Qt = Gtet—l +wy wg ~ Np(O, Wt)

where
o Ft = CE;r,
o (typically) Gy = I, and

o (typically) W; is diagonal.
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Sl el
Background

Use the following notation:

T4 . return at time t of the asset under study
r,gM) . return at time t of the market
rgf) : return at time ¢ of a risk free asset
Let
Yo =7t — Tgf)
Ty = rgM) — r,gf)

A univariate capital asset pricing model (CAPM) assumes that

ind
Yt = Oé"‘Bl't +1)t, V¢ '~ N(O,O’2).
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DLM Regression models Capital asset pricing model

CITCRP IBM MARKET

MOBIL RKFREE WEYER

value

1978 1980 1982 1984 1986 19881978 1980 1982 1984 1986 19881978 1980 1982 1984 1986 1988
date
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DLM Regression models Capital asset pricing model

Static regression of IBM returns

> outlM <- 1m(IBM ~ x)
> outLM$coef

(Intercept) X
-0.0004895937 0.4568207721
>
> mod <- dlmModReg(x, dV = 0.00254, m0 = c(0, 0),
+ CO = diag(c(1e+07, 1e+07)))

> outF <- dlmFilter (IBM, mod)
> outF$m[1 + length(IBM), ]
[1] -0.0004895937 0.4568207719

Since the estimate for 5 < 1 the stock would be considered conservative.
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DLM Regression models Capital asset pricing model

Dynamic regression of IBM returns

> buildCapm <- function(u) {

+ dlmModReg(x, dV = exp(u[1]), dW = exp(u[2 : 3]1))
+ 3

> outMLE <- d1mMLE(IBM, parm = rep(0, 3), buildCapm)

> exp(outMLE$par)

[1] 2.328402e-03 1.100214e-05 6.495784e-04

> outMLE$value

[1] -276.7014

> mod <- buildCapm(outMLE$par)

> outS <- dlmSmooth(IBM, mod)

> plot(as.zoo(dropFirst(outS$s)), main = "",
mar = c(0, 2.1, 0, 1.1),
oma = ¢(2.1,0,.1,.1), cex.axis = 0.5)
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Sl el
CAPM example
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DLMs for longitudinal data Longitudinal data

Longitudinal data

Suppose at each time point, you have observations from multiple units,
e.g. people, countries, stocks, etc. The data can be represented as a

matrix.
Time
ltem 1 2 . T
1 | Yip Yip -+ Yir
2 | Yo1 Yoo - Yor
m Ym,l Ym,2 cee Ym,T
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DLMs for longitudinal data Individual univariate DLMs

Individual univariate DLMs

Suppose for each unit i = 1,...,m, we can write down a univariate DLM:

Yie =F0 + v, vig ~ N(0,V;)
00 =co +w® W ~ N, (0, W)

@ I and G are constant for all ¢ and ¢

@ V; and W, are constant for all ¢

° Gf) are still vectors, thus the notation

@ Is there a relationship between V; and V; or W; and W; for i # 57

e How about Cov(v;y,v;) or Cov(w,gi),wt(j)) for i # 57
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Seemingly unrelated time series An m = 2 example

Linear trend models

Suppose you have a linear trend model for each unit i:

Yi: = Fz’,ﬂii? +vig Vit ~ N (0, Vig)
O = Gz‘,tQEZ_)l + wt(’) w§’) ~ Np(0,Wiy)

e What is F;;? F;; = (1,0)T
e What is G; ;7
11
Gis = [ 0 1 ]
o Whatis V;;? Vi, =V,
@ What is Wi,t? Wi,t =W;

e g g(@)
e Whatis 6,77 0, = (i, Bit)
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An m = 2 example
Linear trend models

Combine these into a DLM with m = 2:

Y, =Fb,+v vy ~ N (0, V4)
Gt = Gtetfl + Wt wg ~ NP(O, Wt)

® Oy = (p1e, p2ye, Bty P2,t)

@ What is V;?
@ What is F;?
Vi 7
s_[1 000 %—V—[;VJ
710 1 00
@ What is W;?
@ What is G;?
0
— _ 1
G 01 01
¢ 0 01 0
00 0 1

@ What are W, and W37 If diagonal?
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Seemingly unrelated time series In general

Kronecker products

Given two matrices A and B, the Kronecker product A ® B is defined as

CLLlB cee aLnB

am1B - amnB

o If Ais2x2, whatis A® I57?
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Seemingly unrelated time series In general

SUTSE model
Yt = (F X Im)9t + (%7 Vg ~ Nm(O, V)
0, = (G X Im)gtfl + wy Wy ~ Np(O, W)
where

The covariance matrices V and W are typically somewhat sparse. Often
o off-diagonal elements of V' are zero
o off-diagonal elements of W are zero

@ some diagonal elements of W are zero

Jarad Niemi (STAT615@ISU) Dynamic linear models October 10, 2017 83 /224



SUIMTAVATIC BV RN RISl SUTSE example

The data
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SUEE G
Model setup

> mod <- dlmModPoly(2)
> mod$FF <- mod$FF %x’, diag(2)
> mod$GG <- mod$GG %x% diag(2)
>
> W1 <- matrix(0, 2, 2)
> W2 <- diag(c(49, 437266))
> w21, 2] <- w2[2, 1] <- 155
> mod$W <- bdiag(Wi, W2)
>
> V <- diag(c(72, 14353))
> Var[1, 2] <- Var[2, 1] <- 1018
> mod$V <- V
>
> mod$m0 <- rep(0, 4)
> mod$CO <- diag(4) * 1le7
> mod <- as.dlm(mod)
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Seemingly unrelated time series [ESIURISISRCINT=

Filtering and one-step ahead prediction errors

investFilt <- dlmFilter (invest, mod)

sdev <- residuals(investFilt)$sd
lur <- investFilt$f + gnorm(0.025) * sdev
upr <- investFilt$f - gnorm(0.025) * sdev

vV V. V V V
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SUTSE example
The data
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Seemingly unrelated regressions model Individual univariate dynamic regressions

Individual univariate dynamic regressions

Suppose for each unit 7, we have a univariate dynamic regression model:

Yie =F29 1o, vig ~ N(0,V;)
Gt(l) — Gi’tet(i)l + wt(z), wgz) ~ Np(O, W'L)

e What is Ft(i)? Ft(i) = (z14,...,xpy) if covariates are common to all
series, as they will be in the example to follow

o Whatis G;;? G = I

o Whatis V;;? Vi, =V,

o What is W;;? W;; =1,

e What is Ht(i)? 0,@ =( ® (i))T

1t Ppt
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Seemingly unrelated regressions model Model

Simple multivariate dynamic regression

yr = (Fy @ In,)0¢ + vy
0 =(G®I1p)0i—1+ w

where

Yi,t
Yt 3 et

Ym,t

Q¢

)

Am,t

B |’

Ve =

Bm,t

U1t

Um,t

v N0, V)
wy "N (0, W)

Wam,t

with F; = (1,2)7, G = I, and W = blockdiag(W,, W5).
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Seemingly unrelated regressions model An example

Data
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CR G
Model setup

> CAPM <- dlmModReg(market)

> CAPM$FF <- CAPMS$FF %x’, diag(m)

> CAPM$GG <- CAPM$GG %x’ diag(m)

> CAPM$JFF <- CAPM$JFF Yx% diag(m)

> CAPM$W <- CAPM$W %x% matrix(O, m, m)

> CAPM$W[-(1 : m), -(1 : m)] <-

+ c(8.153e-07, -3.172e-05, -4.267e-05, -6.649e-05,
+ -3.172e-05, 0.001377, 0.001852, 0.002884,
+ -4.267e-05, 0.001852, 0.002498, 0.003884,
+ -6.649e-05, 0.002884, 0.003884, 0.006057)
> CAPM$V <- CAPMS$V %x% matrix(O, m, m)

> CAPM$Var[] <- c(41.06, 0.01571, -0.9504, -2.328,
+ 0.01571, 24.23, 5.783, 3.376,

+ -0.9504, 5.783, 39.2, 8.145,

+ -2.328, 3.376, 8.145, 39.29)

> CAPM$mO <- rep(0, 2 * m)

> CAPM$CO <- diag(le7, nr = 2 * m)
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Seemingly unrelated regressions model An example

Smoothing inference

> CAPMsmooth <- dlmSmooth(y, CAPM)
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Seemingly unrelated regressions model An example

Smoothed estimates
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More DLMs for longitudinal data

Longitudinal data

Suppose at each time point, you have observations from multiple units,

e.g. people, countries, stocks, etc. The data can be represented as a
matrix.

Time
ltem 1 2 . T
1 | Yip Yig -+ Yip
2 | Yo1 Yoo - Yor
m Ym,l Ym,2 cee Ym,T
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Hierarchical DLMs
Individual DLMs

2
Yie = Fiabig +vie, vig~ N(0,07,)

SUTSE: Necessary to estimate blocks of m x m matrices in the covariance
matrix W.  Instead:

Oit =M+ €y, €t ~ NE(0,%)
At = GN—1 +wy, wy ~ N (0, Wy)

Hierarchical DLM:
Y = Fy40; + vy, v ~ Ny (0, V1)

O = Fpie + e, et ~ Np(0, Ve,t)
At = GiA1 + wy, wi ~ Ni(0, Wy)
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Hierarchical DLMs
Hierarchical DLMs

Hierarchical DLM:

Y, = F, 0 + v, vy ~ Ny (0, Vy,t)
0y = Fpi\ + e, et ~ Np(0,Vpy)
At = Gihi—1 + wy, wy ~ Ni(0, W)

where
0r = (eita"-ae;rz,t)—r
F,; = blockdiag(F;;)
Fe,t = [Ip|“’|Iprr
Vgt = diag(azt)
Vb,t = blockdlag(Et)

G: =G
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ol
Integrating out 6,

Let's write this as a standard DLM

Y = Fy Fph +vf, vF ~ Ny (0, Fy,tvg,tF; Vi)
At = Geh—1 + wy, we ~ Ni(0, We)
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More DLMs for longitudinal data Dynamic nonparametric regression

Longitudinal data with common covariates

Suppose at each time point, you have observations from multiple units,
e.g. people, countries, stocks, etc., with a common covariate. The data

can be represented as a matrix.

Time
[tem 1 2 e T | Covariate
1 | Yip Yip -+ Yir 1
2 | Yo1 Yoo - Yor T2
m Ym,l Ym,2 ce Ym,T Tm
Dynamic linear models
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More DLMs for longitudinal data Non-parametric regression

Let’s allow flexibility in how Y relates to z:

E(Y|z) = Zﬂgth

where h;(z) may be, e.g.

powers thi(x) = a7
trig functions  : hj(z) = a; sin(b;z)
cubic splines  : hj(z) = a; + bj(z — ;) + ¢j(x — x;)? + dj(x — ;)3

Then

k
Yiie= Zﬂj,thj(%’) +€its €~ N(0,0%).
j=1

In matrix notation,
Y, = FfBi + ¢, € ~ Ny (0, V).

What are F' and V?
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More DLMs for longitudinal data Dynamic nonparametric regression

Dynamic nonparametric regression

Y, =F0;+ e, e ~ Ny (0,V)
0; = GO;i_1 + wy, Wy ~ Np(O, Wt)
where
0 = p
hi(z1) - hp(zr)
F=| 5
hi(zm) - hp(mm)
vV =2I,
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More DLMs for longitudinal data Dynamic factor models

Dynamic factor model

Y, = Au + vy, vy ~ N (0, V)
Bt = p—1 + W, wy ~ Np(0, W)

where A is a fixed m x p matrix of factor loadings with p < m.

Identifiability of A. Suppose H is a p X p invertible matrix. Then

Y, =Afi+v, v~ Ng(0,V)
Rt = Ht—1 + Wy, Wy~ Np(0,HWHT)

with fiy = Hu, and A = AH L.

@ How many parameters in A? mp
@ How many parameters in W? %p(p%— 1)
@ Number of free parameters is mp — %p(p —1).
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More DLMs for longitudinal data Dynamic factor models

|dentifiable dynamic factor models

One method of enforcing identifiability is

o Let W =1,
o Let A= [ B } where L is a lower triangular matrix and B can be
anything.

@ Total parameters are mp — %p(p —1).

Another method is

o Let W be diagonal
@ Let A;; =1and A;; =0 for j > .
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Unknown parameters in polynomial trend models
What is known?

(] Ft:(l,(),...,O)

O =
—
—_
)
[a)

o
(@)
—_
—_

What are the unknown parameters?

o@t

2
o V=V
OWt;W
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Unknown parameters in DLMs [ISIEEENEINNIEEE

Unknown parameters in seasonal models

What is known?
(] Ft
o Seasonal factor: F; = (1,0,...,0)
e Fourier form: F; = (1,0,1,0,...,1,0)
o Gt =G
o Seasonal factor: rotation matrix
o Fourier form: block diagonal with blocks H;

cosw; sinw;

H; = )
— Sin Wy COS wj

What are the unknown parameters?

°0t
th;V

? ?
OWtiWiO
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Unknown parameters in DLMs Dynamic regression models

Unknown parameters in dynamic regression models

What is known?
o Ft = :L‘t

OGt G I

What are the unknown parameters?

00,5

? ?
OW;V;OQIOI’UQD
OWt W D
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Unknown parameters in DLMs Bottom line

The bottom line is...

@ In all of these univariate models,
o the unknowns are 6;, W, and V;,
e 0; has always been unknown
e and often, Wy, =W and V, = V.
@ In our multivariate models,
o commonly Wy = W and V; =V, but now they are (block-diagonal)
matrices.
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Maximum likelihood estimation General MLE approach

For a parameter vector 1 and data vector ¥, the likelihood function

L(1p) o< p(ylih).

The maximum likelihood estimate is

A~

Y = argmax,, L(¢)).

Which is equivalent to

Y = argmax,, (1))
where £(1)) = log L(%).
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DLM likelihood function
Likelihood function for DLMs

If v = (W, V), what is L(%)) for a general DLM?

What do we know?

pyel6:, V) = N(yi; Fi0, V)
p(9t|9t—1, W) - N(9t; G0, W)
p(6o) = N(mo,Co)
p(et’ylzt—ly Tﬂ) = N(Gu Rt)

P(ytlyri-1,¥) = N(ft,Qt)

n

ple) = JIpwilyri1,v)

t=1
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MLEs in DLW
Finding MLEs for DLMs

If y; is multivariate, the likelihood function is

1) T g e (3l — £ Q=19

t=1

Log-likelihood function

n

l(y)=C+ —% Zlog Q| — %Z(yt — )" Q (e — fo)
t=1

t=1

The MLE is then

~

Y = argmax,, (1)

The R function d1mMLE does all of this for you.
Dynamic linear models October 10, 2017
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Conjugate Bayesian inference Review

Bayesian inference

What do we have to specify to perform Bayesian inference, i.e. parameter
estimation, for data y?

e A statistical model p(y|v)
@ A prior p())

What is the objective of Bayesian inference?

@ The posterior p(v|y) o< p(y|y)p().
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ey
Conjugacy

Conjugate Bayesian inference is one where if

U~ fla) = Yly ~ fo).

Remember the examples
o y~N(uI),u~NC(,") = ply~N(,)
oy~ N(0,071),¢~Gal,) = ¢ly~ Ga(-,-)
° y~N(u,¢~'I),pu,¢ ~ NG() = p,¢ly~ NG()
oy~ N(XB,¢7'1),8,6~NG() = B,¢ly~ NG()
o y ~ Bin(n,p),p ~ Be(-,-) = ply ~ Be(-,)
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Conjugate Bayesian inference in DLMs
What are the unknowns in DLMs?

So for 7/} = (Flzru Gl:na W].:TL7 Vl:n)v we are |00king for
Y~ fla) = Yly~ f(d).
This only happens in simple examples. Today, we will discuss
o Vi, =¢ WV, Wi = ¢ W, Co = ¢~ 1C

o W, specified by a discount factor
e Evolving ¢ = 1/0?
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Conjugate Bayesian inference [eeIulaleli} ¢71

common ¢!

Y; = Fb + v vg ~ Ny (0, ¢71‘Zt)

O =Gibi1+ w. wy ~ Np(0, o~ Wy)
p(fo) = N(mo,d ' Co)

¢ ~ Gala, Bo)

Everything is known except
@ O forall t

° ¢
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Conjugate Bayesian inference [eeIulaleli} ¢71

Starting with B
9t—17 ¢|y1;t_1 ~ NG(mt—l, Ct—l, at—1, ,Bt—l)

One step ahead prior

O, Ply1:t—1 ~ NG(at,Rt,at—l,ﬁt—ﬂ
where at = Gtmt_l and Rt = Gtét_lG: =+ Wt.
One step ahead predictive density

Yilyr—1 ~ taa,_, (ft, Qtﬁt—l/at—l)
with f; = Fya; and Q; = F,R,F,’ + V.

Filtering density -
Or, Ply1:e ~ NG(my, Cy, e, Bt)

with
me = ar+ RFQ7  (ye — f)
ét = Rt - RtFtTQt_:lR:
_ Lm
oy = Qg1 2

B = Pi—1+ %(yt - ft)TQt_l(yt - fe)
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Conjugate Bayesian inference Wy specified by discount factor

Discount factor

Let’s specify how adaptive we want our model to be.

@ Do this by specifying W; relative to V; and C} using a discount factor

0 € (0,1].
@ 6 = 1 means no loss of information, i.e. W; =0

@ § = 0 means no information retained

@ Often 6 > 0.9

To implement, set
1-96
W, = TG:thth

or s
W, = TG:CN't—th

if using a common o2,
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Conjugate Bayesian inference Wy

Discount factor effect

DF=1

specified by discount factor

DF=0.9
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Conjugate Bayesian inference Wy specified by discount factor

Choosing the discount factor

Specify § based on one-step ahead prediction errors.

DF MAPE MAD MSE sigma2
1.0 0.10 3.02 21.54 12.00
0.9 0.09 2.86 19.92 09.64
0.8 0.10 2.87 20.29 8.94
0.3 0.11 3.42 25.12 5.07

Last column is posterior expectation for o2, i.e. E[o?|y1.187].
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7 ] By e e
Inference for 6 = 0.95 on Lake Superior Data
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Evolving ¢
Evolving ¢,

Choose §* € (0,1)

° ¢t—1’y1:t—1 ~ Ga(at—laﬁt—l)
® Ot|yr:e—1 ~ Ga(d*ap—1,0"fi—1)

What is
o E[pi|y1:t—1] = Elpr—1|y1:4—1]
o Var(d|yiu—1] = £ Var[pi—1|yi1—1]
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Evolving ¢
Evolving ¢, for Lake Superior data

Observed/One step ahead forecasts
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Conjugate Bayesian inference Bottom line

The situations for conjugate Bayesian analysis are small, therefore we need
more advanced techniques.
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Gibbs sampling
Gibbs sampling algorithm

Start with an initial guess for all parameters and call it (9. Set j = 1.
1. Sample @Z)§j) ~p (¢1|w(j—1), e @Z)(jfl),y)
2. Sample v ~ p (valul”, 0™V, w0 y)

3.
4. Sample v ~ p (vl ul oY, )
5.

6. Sample 017 1~p(wK_lrw(j>,...,wK )

7. Samplewlgw ( ]1/} el K)l,y)
8. If j<J,j=7+1 and return to step 1.
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Univariate Gibbs sampling for states in DLMs

What full conditionals are required?

Suppose our goal is to draw from p(6y.7|y1.7) using univariate Gibbs
sampling. We will implicitly assume conditioning on any other unknown
parameters.

@ What are the required full condition distributions?

° p(90|91:T7y1:T)
o p(0:|0_¢,y1.7) where §_; is o1 with the t*" element removed

o p(Or|bo:r—1,y1.1)
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Univariate Gibbs sampling for states in DLMs
DLMs

Y, = Fb+ v v ~ Ny (0, V3)
9,5 == Gtﬁt_l + Wy W ~ Np<0, Wt)
p(fo) = N(mo,Ch)

TP
@~
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for states in DLMs
What are the full conditionals?

p(bol

p(Or|

I

)

ko

)

Kt

kr

)

K
k¢

X
X

R R

0.8
X

p(001601)

N(01; G160, W1)N (6o;mo, Co)
N (0o; ko, Ko)

(Gt +G{wtey™
Ko(Cytmo + G{ W t61)

(01071, yT)

N(yr; Fror, V)N (01; Gror 1, Wr)
N(Or;kr, Kr)

Wil + FL vy Pr)~t
Kr(Wr'Grop 1 + FL Vi tyr)

p(0¢]0t—1,0¢11,yt)

N (yt; Fi0t, Vi) N (0t 41; G101, W) N(0t; G0t —1, Wig1)
N(0; ke, Kt)

W, '+ BV R+ GLaW L G !

Ki(W; 'Geby—1 + F,V, g + G:+1Wt1119t+1)
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Local level model example
Consider the local level model with V =1 and W = 0.012.
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Univariate Gibbs sampling Local level model example

Univariate Gibbs sampling for states
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Univariate Gibbs sampling Local level model example

Exact quantiles for states
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Univariate Gibbs sampling Local level model example

True underlying state

0.2

0.1

-0.2
1
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ikl
Filtering

Goal: p(0¢|y1:¢) where y1.¢+ = (y1,v2, ..., yt) (filtered distribution)
Recursive procedure:
@ Assume p(0;_1]y1:¢—1)
@ Prior for 6
p(Otly1:e—1) = /P(gt, Ot—1]y1:4—1)d0r_1

= /p(gt‘gt—lvyl:t—l)P(Gt—l‘ylct—l)dgt,—l

= /—p(gt‘gtfl)p(gt—l|y1:t—l)d9t—1

@ One-step ahead predictive distribution for y

p(ytly1:e—1) = /p(yt:et‘ylzt—l)det

/p(yt\et, Y1:4—1)P(O¢|y1:6—1)d0¢

/p(yt\enp(euyl;tfl)det

@ Filtered distribution for 6

P(yelfe, y1:0—1)PO¢ly1:e—1) _ P(Welfe)p(O¢ly1:e—1)
P(ytly1:e—1) p(ytly1:e—1)

Jarad Niemi (STA QISU) Dynamic linear models October 10, 2017

p(Otly1:) =

130 / 224



ikl
Smoothing

Goal: p(b¢|y1.7) fort < T

@ Backward transition probability p(0t|0t41,y1:7)

p(0t|0t41,y1:7) = p(0t]0t4+1,y1:¢)

P(0t4110¢, y1:4)P(0¢|y1:1)
P(Ot41ly1:t)

(01 +1100)p(0¢|y1:¢)

POl

@ Recursive smoothing distributions p(6¢|y1.7) assuming we know p(6¢41|y1.7)

p(0tlyr.T) = /P(eta9t+1\y1;T)d9t,+1

= /P(9t+1|y1:T)p(9t‘9t+l!yl:T)dGi-Fl

P(0t4+110)p(0¢|y1:t)
= /P(9t+1|y1;T)—d9t+1
P(Ot411y1:t)

P(0t4110¢)
= P(9t|y1:t>/+7P(9t+1‘ylzT)d9t+l
P(Ot41ly1:e)

Start from p(67 |y1.7).
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Kalman smoother

If p(Or1)y1:7) = N(St41,St+1), then

(0|01, y1.17) = p(6]0r11,y1:)
o p(Or110t, y1:0)p(Oelyr:e)
= N(Op41; Gr10r, Wig1)N (0 my, Cy)
o N(6; hy, Hy)
Hy = (C;'+ G Wi iGe)™!
he = Hy(C;'my+ Gl Wi 0i)

p(Otlyrr) = /p(9t|0t+1ayl:T)p(9t+1|y1:T)d0t+1

= N(0;5¢,5)
S = Ci—CG{ R (Ripa — i) Ry Giyn G
S = my+ CthTHR;rll(Stﬂ — at41)
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True underlying state

0.2

0.1

-0.2
1
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Forward filtering backward sampling MCMC in DLMs

Let ¢ represent any unknown, non-dynamic model parameters such that
the data follows a DLM conditional on .

Y; = Fi(¥)0; + vy v ~ Ny (0, Vi (1))
0; = Gi(V)bi—1 +wy wy ~ Np(0, Wi (v))
p(6o) = N(mo(¥),Co(v))

For example, ¢ = (V, W) where Vi(¢)) =V and Wy (¢)) = W while
Fy(¢) = F and G¢(¢) = G are known, as in polynomial trend, seasonal
factor, and dynamic regression models.

@ The Bayesian inferential objective is then p(6o.1, ¥ |y1.7).

e While p(0o.7|y1.7,v) is known analytically, generally p(6o.7, ¥|y1.7) is
not.

@ So resort to numerical methods, most often MCMC
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MCMC Schemes
MCMC Schemes

Scheme | - all univariate samples
o Forte {0,1,...,T} sample p(|...).
e For j e {l,...,J} sample p(¢);|...) for J parameters.

Scheme Il - block sampling of states

e Sample p(6o.7|...).
e For j e {l,...,J} sample p(1);|...) for J parameters.
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MCMC Schemes
MCMC Schemes (cont.)

Scheme Il - block sampling of parameters
e Sample p(fo.1|-..).
e Sample p(¢]...).
e.g. polynomial trend, seasonal factor, and dynamic regression models

Scheme IV - hybrid

o Sample p(¢ 5 [¢hp\ 7, y1.7) for some subset J' of parameters.
e Sample p(Oo.1|-..).
e Sample p(¢p\ s .- -).
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MCMC Schemes
MCMC Schemes

Generally better to jointly sampling unknowns, a.k.a. block sampling.
@ Scheme | has all univariate draws
@ Scheme Il samples latent state jointly
@ Scheme Ill samples latent state jointly and parameters jointly
°

Scheme IV samples some parameters ¢ and all latent states jointly
and then samples remaining parameters jointly

Bottom line: if parameters are highly correlated in the posterior, it is
better to sample those parameters jointly.
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Algorithm
Forward filtering backward sampling (FFBS)

Recall
e p(Or|y1.r) = N(mp,Cr) is available from filtering
® p(0:|0+41,y1.7) = N(ht, Hr) is available from smoothing

H = (C7'+GL WG
hy = H(C;/l'my +G;1Wt1119t+1)

The algorithm is then
e Forward filter to obtain p(6;|y1.1) = N (my, Cy) for all ¢.
e Sample 07 ~ H(mp,Cr).
e Forte{T—-1,T-2,...,1,0},

o Calculate hy and H; based on 6;1.
o Draw 9t ~ N(ht, HT)
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Forward filtering backward sampling Examples

Local level model
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Forward filtering backward sampling Examples

Local level model
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Forward filtering backward sampling Examples

Local level model - unknown variances

i =0+ wv v ~ Ny (0
Qt = (9t_1 + wy Wt ~ Np(O, W)
p(fo) = N(mo,Co)

MCMC Scheme:

e Sample p(6o.7|...) using FFBS
e Sample p(V,W|...)
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Forward filtering backward sampling Examples

Nile river level
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Forward filtering backward sampl Examples

Nile river level

Histogram of psil_save
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Forward filtering backward sampl Examples

Nile river level
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DLMs
MCMC in DLMs

Recall the inferential objective of the Bayesian approach in DLMs:

p(90:m ¢’y1:n)

Since p(0o:n, ¥|y1:m) is not typically available analytically, we commonly
use Markov chain Monte Carlo. These approaches sample from full
conditional distributions, e.g.

© p(0d]0_s, b, y1m) for t =0,1,2,...,n.
o p(¥j|00:m,V—j, y1m) for 5 =1,2,...,J.
These draws could be Gibbs or Metropolis-Hastings.
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DLs
MCMC Univariate Sampling Activity
Fill in 7 with ¢ or ¢ — 1.

8~ ol 00,00, 1)

Fortel,...,n—1, sample from
? ? ? ? ? y
elg) ~ p(etlg(())779t(—)l70t(+)1770’51)a¢(?)7y1n>

0 ~ p(0al0f",....05 1,0, yr)

O~ p@rl6®, 980w )

For j€2,...,J — 1, sample from
? ? ? ? ?
¢J() ~ p(¢j|9(?)7w§)77 ‘g;)lawj(‘%)la"'vw‘(f))ylzn)
? ? ? ?
vy~ p@al0O, w705 )
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MCMC DLMs

Convergence to stationary distribution

The samples (), (")) converge to samples from p(0g., ¥|y1:n),
regardless of what (8(0), () was.

Let's look at an example: local level model.
th :9t+vt ’UtNN(O,Q)
0 =01 +w Wy ~ N(O, 05)
p(fo) = N(0,1)

with y; = 1. The objective is p(6o, 61|y1)-
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MCMC DLMs

Local level convergence example

/
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(VeI DLMs

Traceplots
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(VeI DLMs

Running average

0

T T T T
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MCMC DLMs

Auto-correlation plots
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ey
MCMC Convergence diagnostics

@ Graphical techniques

o Traceplots
e Ergodic mean

@ Non-graphical techniques

o Geweke diagnostic - single chain
o Gelman/Rubin diagnostic - multiple chains
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MCMC Diagnostics Lack of convergence

Lack of convergence

We can never know if our chain has converged.
All convergence diagnostics detect a lack of convergence.

So instead of saying ‘the chain has converged’ you should be saying ‘the
chain shows no lack of convergence’.
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Burn-in
Burn-in

Definition

Burn-in is the number of MCMC iterations before the chain shows no lack
of convergence.

Burn-in is thrown-out to eliminate the bias associated with the starting
point.
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MCMC Diagnostics Burn-in

Burn-in example

1000

0

-2000

A
1500 2500

0 500

Jarad Niemi (STAT615@ISU)

Traceplot

04
o |
S
»
)
o |
3
@ |
3
=
5 4
3

MCMC fiteration (i)

04
N |
S
s |
8
o
3
@ |
3
-
5 4
3

MCMC iteration (i)

0 500

-1000

—-2000

1500 2500

0 500

Dynamic linear models

Running average

T T T T
20 40 60 80 100

o

MCMC iteration (i)

MCMC iteration (i)

October 10, 2017

155 / 224



MCMC Diagnostics Burn-in

Burn-in

Definition
Burn-in is the period of time before the chain has converged. J

Burn-in is thrown-out to eliminate the bias associated with the starting
point.

If the starting point is crucial, why not start multiple chains in different
locations? With the local level model, start chain 1 at (-2000, 3000) and
start chain 2 at (3000, -2000).
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MCMC Diagnostics Burn-in

Multiple chains

Running average
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MCMC Diagnostics Gelman-Rubin diagnostic

Gelman-Rubin diagnostic

@ Start multiple chains at locations that are overdispersed relative to
the posterior.
@ ANOVA comparison

o Within-chain versus between-chain variances
o Represented as a scale reduction factor such that values around 1
indicate no lack of convergence.
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MCMC Diagnostics Gelman-Rubin diagnostic

Local level model example

Overdispersed starting points
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MCMC Diagnostics Gelman-Rubin diagnostic

Local level model example - 100 iterations

In package coda, use function
gelman.diag.

Potential scale reduction factors:

Point est. 97.5% quantile
[1,] 1.12 1.45
[2,] 1.13 1.48
Multivariate psrf

1.09

Values substantially above 1 indicate
lack of convergence

shrink factor

— median
- 97.5%

shrink factor

! — median
- 97.5%

200 400 600 800

last iteration in chain
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MCMC Diagnostics Gelman-Rubin diagnostic

Local level model example - 1000 iterations

In package coda, use function
gelman.diag.

— median ! — median

Potential scale reduction factors: g e T oTs%

Point est. 97.5% quantile

[1,] 1 1.00 .
[2,] 1 1.00 "7 £
Multivariate psrf ol L
1.00
h T T T T h T T T T
Values substantially above 1 indicate 200 400 600200 200 400 Gao 200
last iteration in chain last iteration in chain

lack of convergence.
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MCMC Diagnostics Length of chain

Iterations for inference

Now that no lack of convergence is apparent, how long should | run my
chain?
@ The longer you run the chain, the lower your Monte Carlo error.

@ Monte Carlo error reduces by the /N where N is the number of
MCMC iterations.

@ So, if you want a 10-fold decrease in Monte Carlo error, you need to
run 102 times your current number of iterations.
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MCMC Diagnostics Length of chain

Simple Monte Carlo example

Consider the model y; ind N(u,1) and our goal is to estimate E[y;] = p.
The Monte Carlo approximation is

1 n
MQ‘MMC_HEZ%
1=

with the variance of this approximation given by

n

1 1
se |/ ; — 2=—sd
(1ric) o p— ;1(% faic) N,
where sd,, is the standard deviation of the sample y = (y1,¥2,...,¥n).

Since this standard deviation converges to 1, by our model assumption
above, the standard error of the Monte Carlo estimate decrease by the
square root of n.
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MCMC Diagnostics Length of chain

Simple Monte Carlo example

At 176 simulations, the standard error of ¢ is ~ 0.07. To decrease this
to 0.007 (an order of magnitude increase in accuracy), we would need to
take a total of 176 - 102 = 17600 simulations.
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(VIS [GNDIE-IEICIN Length of chain

Iterations for inference
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Work flow
Work flow

@ Exploratory data analysis
@ Define a model with priors

o Fit the model using MLE techniques
@ Inference

e Fit in WinBUGS
e Code it upin R/C
@ Choose an MCMC scheme
e Find the full conditional distributions (if available)

e Monitor chain convergence
e Summarize the posterior

@ Model checking

e Diagnostic plots to evaluate model assumptions, e.g. one-step head
forecasts
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Bayesian analysis Examples

Examples

@ Nile flow - local level model
@ Spain/Denmark investments - SUTSE
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Example | - Nile river level The data

Nile river level

1200 1400
1 1
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Annual flow

T T T T T
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Example | - Nile river level The data

Nile river level

Series Nile

1.0

ACF
0.6

0.4

0.2

0.0
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The model
Local level model

Y, =60;+vy UtNN(O,V)
Gt :et_l + we Wt NN(O, W)

V ~ IG(av, bv)
W~ IG(aw,bw)
90 ~ N(mo, C())

where p(V, W, 6p) = p(V)p(W)p(0y) and v; and w; are independent across
time and mutually independent of each other as well as independent of 6.
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Example | - Nile river level The model

Non-informative priors

V. ~IG(ay,by)
W ~ IG(aw,bw)
0o ~ N(mg,Co)

Non-informative prior

14 O(l/V = ay =by =0
w O(l/W — aw =byw =0
(90 x 1 :>THQ:0,C():OO
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Example | - Nile river level The model

Informative variance priors

Informative prior for V' (or W), E[V] = 5 with varying accuracy
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Example | - Nile river level The model

Informative state prior

“On average, the Nile flow is around 920 + 340." With what probability?
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Inference
MCMC scheme

In DLMs, conditional on unknown parameters, we can sample from the
joint state vector at all times using FFBS.

o p(Oo.7|V, W, y1.1) (for references see page 161 of Petris et al.)
° p(V|00:T) W) yl:T)
o p(W|bo.r, Vi y1:1)
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Example | - Nile river level Inference

Full conditional distributions - the hard way

p(V|0o.7, W, y1.1)
X Hthl p(ye| e, V)p (04|01 —1, W)p(V ) p(W)p(6o)
o HtT:1 p(ye|0r, V)p(V)
= Hthl N(ys; 0:, V)IG(V;ay,by)

VI exp <_% 1 (v — 9t)2> Vov—lexp (=by/V)
= Vo levHT2) L exp (— {bv + 5 e (e — 9t)2] /V>
< IG (av + T/2,by + 5 S, (e — 0,)?)
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Example | - Nile river level Inference

Full conditional distributions - the hard way

p(W10o.7, V, y1.1)
oc T p(wel6e, V)P (64 6i—1, W)p(V)p(W )p(60)
o T p(6:|6s—1, W)p(W)
= H;r:1 N(O; 0,1, W)IG(W; aw, by )

o« W=T/2exp <_ﬁ Zle(et - 9t—1)2) W=ew=Lexp (=bw /W)
_ Vf(aW+T/2)fl exp (_ |:bW + %Zle (9t — 91571)2] /W)
o G (a + T/2.bw + § XL, (0~ 0-1)?)
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Example | - Nile river level Inference

Full conditional distributions - the easy way

Recall from HW 1b, if 02 ~ IG(a,b) and x; nd N(0,0?), then

1 n
p(o?|zy, z2, ..., x,) = IG <a+n/2,b+ fo) :
23

Notice
V. ~IG(ay,by)
ind
Ut:yt_gt NN(O,V)
p(Vyr.r, 007, W) =p(Vl|yr.r,01.7)
= IG(av + T/2, by + % Zthl ’UtQ)

W~ IG(aw,bw)
Wt = Ht - 9,5_1 zﬂ/d N(O, W)
P(W|Z/1:T390:T,V) :p(W‘ng)
= IG(aw + T/2,bw + 3 1 w?)
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Inference
MCMC scheme revisited

e p(fo.r|...) using FFBS
o p(V|]...) = IG(ay + T/2,by + 1 S0 v})
o p(W|...) = IG(aw + T/2,bw + + 1 w?)

Notice that p(V]...) doesn't depend on W and p(WV|...) doesn't depend
on V. So our scheme is actually

e p(fo.r|...) using FFBS
o p(V.W|.. )=
IG(ay +T/2,by + 2 S v IG(aw + T/2,bw + 1 21 wp)
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s
Coding it up

Begin by creating a function to draw from the posterior of a conjugate
inverse gamma

drawIGpost <- function(x, a=0, b=0) {
return(rinvgamma(1l, a+length(x)/2, b+sum(x~2)/2))
}
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s
Coding it up

Begin by creating a function to draw from the posterior of a conjugate
inverse gamma

for (i in 1:n.reps) {
cat(i,"\n")
# Sample states
mod  <- dlmModPoly(1l, dV=V, dW=W)
filt <- dlmFilter(Nile, mod)
theta <- dlmBSample(filt)

# Sample V and W
V <- drawIGpost(y-theta[-1])
W <- drawIGpost(theta[-1]-thetal[-n])

# Save iterations
V.reps[i] <- V
W.reps[i] <- W
theta.reps[i,] = theta
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Inference
Running the MCMC

@ Runl
e Run 1 chain starting from the MLEs
o Check traceplots for this run
o Obtain posterior summaries for model parameters
e Choose initial values that are < minimum and > maximum for each
model parameter
e Multi-runs
e Start multiple chains from combinations of these values
o Check traceplots and Gelman-Rubin diagnostic for these chains
e Discard burn-in and produce posterior summaries on remaining
iterations
o If more iterations are needed, initialize new chains from the last
iteration of the old chains
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Example | - Nile river level Inference

Monitoring convergence

Use plot.mcmc

Jarad Niemi (STAT

in coda package.
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Monitoring convergence

Use plot.mcmc in coda package.
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Example | - Nile river level Inference

Monitoring convergence

Use plot.mcmc in coda package.
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Example | - Nile river level Inference

Gelman-Rubin diagnostic

> gelman.diag(window(mcmc.results,1,4000))
Potential scale reduction factors:

Point est. 97.5) quantile

V.reps 1.
W.reps 1
1
1
1
1

00

.00
.00
.00

.00
.00

Multivariate psrf

1.01
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Inference
Posterior summaries

> summary (window(mcmc.results,4001,5000))

Iterations = 4001:5000
Thinning interval = 1

Number of chains = 4

Sample size per chain = 1000

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

Mean SD Naive SE Time-series SE

V.reps 15642.8 3187.29 50.3955 125.8969
W.reps 1630.4 1449.03 22.9111 100.2639
1107.9 73.84 1.1676 1.3148

1108.7 62.93 0.9951 1.1196

2. Quantiles for each variable:

2.5% 25% 50% 75%  97.5%
V.reps 9854.5 13459.2 15450.6 17640.9 22337.6
W.reps 241.2 651.7 1183.1 2092.0 b5529.9
964.9 1060.0 1106.7 1153.6 1261.0
987.1 1066.5 1107.5 1149.0 1238.8
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Example | - Nile river level Inference

Posterior summaries
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Example | - Nile river level Inference

Posterior summaries
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Example | - Nile river level Inference

Posterior summaries
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Example | - Nile river level Inference

Summaries of functions of parameters

The posterior for f(1) is available using the MCMC simulations by
plugging our iterations ¥ into f(+) and calculating desired quantities,

e.g.

For example,
o f(bor,V,W
o f(bor,V,W
o f(bor,V,W
o f(bo.r,V,W

~— — — —

BlfW)] = 5 S fw).
=1

VV)
V)

= W/V (signal-to-noise ratio)
=P(W/V <1)
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Example | - Nile river level Inference

Standard deviations
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Example | - Nile river level Inference

Signal-to-noise ratio

p(rly)
4
1

T T T 1
0.0 0.5 1.0 15

Signal-to-noise ratio (r=W/V)

P(r < 1) = 0.998.
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Model
The model

i = F0+ v vy ~ N(0,V)
0 = Giby_1 + wy wy ~ Np(0, W)

where V is scalar and W is diagonal with elements W; and assumed priors
p(V, Wi, ..., Wy, 00) = p(V)p(0o) [I;=; p(W:)
V. ~1G(av,by)

Wi NIG(aWibei)
0o ~ N(mo,Co)
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Linear trend example
Linear trend model

For example
}/t :FHt—i—vt ’UtNN(O,V)
Gt = G9t4 + wy Wt ~ Np(O, W)

where F' = (1,0), G[1,1] = G[1,2] = G[2,2] =1, G[2,1] =0, and W is
diagonal with elements W; and assumed priors

p(V,Wi,...,Wp,00) = p(V)p(6o)p(W1)p(W2)
V ~ IG(av, bv)
Wi ~ IG(aw,, bw,)
Wy ~ IG(aw,, bw,)
90 ~ N(mo, Co)
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d inverse gamma priors Linear trend example

Rewrite the linear trend model

i =wm+u vr ~ N(0,0%)
pr = pe—1 + B+ we w1 ~ N(0, 0’2)
Bt = Bi—1+ w2 w2 ~ N (0, 0%)

where w; 1 and w; 2 are independent.

What are the full conditionals for 2, O'Z, and ag?
o p(0?..)=IG (aOQ +T/2,b,2 + 35T vg)

o p(o?|..) = IG (aaa +T/2,b,3 + 50, wt%l)
o p(o3...) = IG (aaé +T/2,b,8 + 550, wt%Z)

and importantly, they are independent!
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General model
More generally

Y, = F0; +v; ’UtNN(O,V>
Qt = Gtet—l + wy wg ~ Np(O, W)

where W is diagonal with elements W; and all variances have independent
inverse gamma priors.

The full conditionals for parameters are
o p(V|..)=1IG (W +T/2,by + 157 v§>

o p(Wil...) = IG (aw, + /2 bw, + + S0 w?, )

and again, they are independent!
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MCMC scheme for models with d inverse gamma priors

Two-stage Gibbs sampler

@ Use FFBS to sample from p(o.7| .. .)
e Jointly sample V, W7y, ..., W, by sampling their full conditionals

o p(V]...)
o p(Wy|...)forie (1,2,...,p).

Implemented in d1mGibbsDIG.

Jarad Niemi (STAT615@ISU) Dynamic linear models October 10, 2017 197 / 224



Unknown covariance matrices Model

Suppose we assume the model

Y, =FEf +u v ~ Ny, (0, 257)
Qt = Gtet—l -+ wy Wwg ~ Np (0, ‘131_1)

where ®( is an m x m observation precision matrix and ®; isa p X p
evolution precision matrix. It will be convenient to choose independent
Wishart distributions for the prior for these precision matrices, i.e.

p (Do, P1) =p (o) p (P1) =W (Po; 0, 50) W (P15 11, 51)

where

W(P;v,S) = % exp (—tr(SP))

is a distribution on symmetric, positive definite matrices P with
parameters v > (p — 1)/2 and S, symmetric non-singular matrix.
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Unknown covariance matrices Full conditionals

Full conditionals for the precision matrices
Wishart distributions are conditionally conjugate in this model:
1
p(q)o‘ .. ) =W (VO + T/2, So + 2SSy>

where SSy = Z?:l (yt — Ft(gt) (yt — Fth)T.

1
p(q)1|) =W <V1 +T/2,Sl +QSSG)

where §Sp = 31| (6 — Gibr—1) (6; — G4, 1) "
Again, p(q)o,‘l)l‘ ) :p(@o‘ .. )p(@ﬂ .. )

To draw from these distributions, use rwishart in dlm package which has
arguments degrees of freedom § and scale matrix VO_1 where
W(6/2,V0/2).
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The model
The model

Consider the model with block-diagonal evolution covariance:

Y, =FEb +uv v ~ N (0, 85
Qt = Gtet—l + wy Wt ~ Np*<0, W)

where W is block-diagonal with elements W;.Set <I>l.—1 = W; and give
®g, Py, ..., Dy independent Wishart priors ®; ~ W(v;, .S;).
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Rewritten univariate model

For combining individual components, e.g. polynomial trend, seasonal,
dynamic regression, G is block diagonal with elements G ; relating to W;

and the model can be re-written
th :Ft0t+vt UtNN(O,(Pal)
010 = Gr01—1+wiy Wit ~ Ny (0,071)
Oi = Gilit—1+wis wj ¢ ~ Np, (0, q)i_l)

—1
Opt = Gpibpi—1 + wpy wp,t ~ Np, (0, P, )

where w; ; are independent across ¢. Then

SSiit = Bis — Gisbiv—1)(0is — Girbiz1)"
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The model
Multivariate models

Let
S8 = <9t - Gtet—l)(gt — Gté?t_l)T

and partition it according to

S5t -+ SSiae
S5 = : :
SSaie - Sddg

where the partition is according to the partition in
® = blockdiag(®y, ..., Pq).
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d inverse Wisharts Full conditional distributions

Full conditional distributions
1
p(®t..) =W <1/o +T/2, S0 + 2SSy)
where S5, = Z,:T:1 (ye + Fuby) (g — F6,) "

1
D ((I)i_l| .. ) =W <Vi + T/2, S; + 255‘91.)
where S Sy, = 23;1 SSii+ given on the previous page.

Once again, p(@&l,éfl,...,égﬂ...) :p(<1>61|...) H?le(fb;H ).
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SUTSE example Data

Denmark and Spain investments

T
15661

Denmark
9139
Spain

T
2617

1960 1970 1980 1990

Decade
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Model
SUTSE model

Y: =(F®L)0+u vy ~ Na(0,®5h)
0, = (G X 12)01}71 + wy Wy ~ N4(O, W)

where W = blockdiag (W7, Wa), <I>1_1 = Wi, and <1>2_1 = Ws.

Assume independent Wishart priors

102 0
p(®0) =W (B %) Vo= (50_2)[ 0 500
0.012 0
p(®1) =W (51‘;1’ %WM’O) Wio = (01 =2) { 0 0.012 ]
5 0
p((bQ) =W <62+1 1WB 0> WBaO = (62 - 2) |: 0 1002 :|

where g = d9 = 3 and §; = 100.
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Meme
MCMC sampling

MCMC Scheme:
e Sample 0p.r ~ p(Bo.7| . ..) using FFBS
e Sample p(®g, @1, P ...) jointly

p(@ol ) =W (BT L( + 55,))

p(®1]...) =W (2EEL LW, 0+ SSh.)
p(®s|...) =W (2L LW+ 55,

where

T
SSi = SSii.

t=1

provided earlier.
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SUTSE example MCMC

Convergence and autocorrelation
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SUTSE example VY[edVY(e

Convergence
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SUTSE example MCMC

Convergence
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SUTSE example Inference

Posterior covariance expectations

EViyr.r] =

E[Wﬂ|y1:T]

IEUW%\yLT] =

Jarad Niemi (STAT615@ISU)
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SUTSE example Inference

Posterior i

Investments - Denmark
150 200

100

50

8000 12000 16000

Investments - Spain

4000

1960 1970 1980 1990 2000

Jarad Niemi (STAT615@ISU) Dynamic linear models October 10, 2017 211 / 224



_ Visinscn TR
Types of missing data

Complete data Y; ; and missing indicator M; ; where M;; =1 if
observation Yj; is missing and 0 otherwise. Let Y ps contain all the data
that is observed while Y|,,is contains all the data that is missing with

Y = (Yops Ymis)- Then several types of missing-ness are possible:

@ Missing completely at random (MCAR)
p(MY, ¢) = p(M|¢).

@ Missing at random (MAR)
p(M|Y, ¢) = p(M|Yops, ¢).

@ Not missing at random
p(M|Y, ¢) depends on Y, is.
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Types

No missing data
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Types

Missing completely at random

Missing completely at random (MCAR)
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Types

Not missing at random

Not missing at random (NMAR)
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in DLMs
Missing data in multivariate DLMs

Two situations:
o Totally missing: at time ¢, Y; is completely missing

@ Partially missing: at time ¢, part of Y; is observed
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Totally missing
Recall ‘Kalman filter’ lecture: missing data are handled trivially while

filtering.
my = a¢ Ct = Rt.

Unknown fixed parameters are sampled without these data, e.g. scalar V

pov]..) =G (a+ 5 b+ cops(vn — Fith)?)

where ‘obs’ is a vector of times when the data are observed and 77 < T is
the length of obs.

e.g. matrix V'

p(®v]..) =W (a+ B b+ Cocops(ue — Fih) (v — Fib)T)
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Partially missing when filtering

Suppose M; is the matrix that is built by taking an identity matrix and
removing the rows of any missing observations in y;. Then g, = My,

contains only the observed data. The correct observation equation to
consider is

b = Fyb; + 0 ~ N(0, V).

What are Ft and f/t?

(] Ft = MtFt
o V= MV, M
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in DLMs
Partially missing in MCMC

Let Y = (Yyps, Yimis)- If we build an MCMC with only the observed data,
then our scheme will look like

e Sample p(0|Y,pe, ) via FFBS
o Sample p(1|Yyps, 0).-

For example, consider the observation precision matrix ®y- as the only
unknown parameter. What is it's full conditional distribution?

((I)V| obs’ ) (Yobs‘q)Vae)p((I)V)
Who knows?
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in DLMs
Partially missing in MCMC

Let Y = (Yyps, Yimis)- Augment the MCMC to simulate the missing
values, then our scheme will look like

o Sample p(6]Y, ) via FFBS
e Sample p(¥|Y, )
e Sample p(YyisYobs, 05 ¥)-

This works since

0, 01Yaps) = [ 0.1 Yrnil Vobs 4Vrmis:
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Partially missing in MCMC

How to simulate p(Yyis|Yobs, 0 %)?

First note,
T
p(Ymis|Y0bs, 0,1) = l_IID(Ymis,t’Yobs,t7 Ot, ).
t=1
Second note,
Ymis.s ~N FOmis, : [ Vmis Vm.o ] '
YObS,t Feobs,t Vom  Vops
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Goal

With all fixed parameters known:

PWerks Ovenlyie) = [ pWerks Ovrns Ot (e—1)[Y1:6)dOpp (-1
= [ PWetks O k|0 (k1)) P(Ors (1) [Y1:6) Oy o1

To get p(Ysrk,Or+k|0:) just use the Kalman filter with missing data from
Yt4+1 UP 1O Ypy (k—1)-

With unknown fixed parameters:

P(Yerks Orrklyre) =
= fp(yt+k7 0t+k’0t+(k71)7 ¢)p(9t+(k—1), ¢|y1:t)d9t+(k71)d¢-

Now we can't just use the Kalman filter due to the unknown fixed
parameters. Instead, we need to integrate over their posteriors.
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Integrating over Kalman fiters
MCMC Forecasting

After completing the MCMC, follow this procedure
e For each iteration j = 1,2,...,J in the MCMC chain post burn-in:
o Run a Kalman filter (d1mFilter) on your data using 1/\/) to obtain
p(Bclyre, v9) = Nm?, C),
o Forecast ahead (dlmForecast) to obtain

P(Yesr|yre, v = N(f(k)9, Qi (k)9)) (see section 2.8 in Petris)
° Calculate mean and 95% intervals for p(y, 1 |y1.c,0)), i.e.

Fe(B)D) (fi(k)9) — 1.96/Q: (k) D), £, (k)VU) 4 1.96/Q¢(k)D)) if Q is

scalar, otherwise do this component wise.

This provides a set of means and 95% intervals, one for each MCMC
iteration j.
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Integrating over Kalman fiters
MCMC Forecasting

To find the marginal mean and 95% interval, average these means and
95% intervals for all j, i.e.

(k)(j)
k)9 —1.961/ Q. (k)
k)9 +1.961/Qu (k)

E[yt+k ‘3/1:7:] ~

<l
-Mk
=

<
Il
-

Q2.5% [yt—l-k‘yl:t] ~

<l

wmuimg

Qo7.5% [Yi+kly1:e] =~

Sl

If you have many MCMC iterations, you can use fewer iterations for this
forecast by thinning the chain.
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