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Normal hierarchical model

Let ,
Yig % N(0. %)
fori=1,...,ng, g=1,...,G, and Zgzl ng = n. Now consider the following model

assumptions:
° 0, nd N(u, 72)

ind
Iav]

La(y,7)
tV(NaTz)
"9 180 + (1 — 7)N(p, 72)

o 0p % 18 + (1 — m)t, (1, 72)

° 0
ind
° 0y ~

° g

To perform a Bayesian analysis, we need a prior on p, 72, and (in the case of the discrete
mixture) 7.
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Gibbs sampling

Normal hierarchical model

Consider the model

Yig & N(9g7‘72)
b % N(u,72)
where i=1,...,n;, g=1,...,G,and n= Zé(f:l ng with prior distribution

p(p; 02, 72) = p(u)p(o®)p(7?) o 15 Ca*(7;0, C).

For background on why we are using these priors for the variances, see Gelman (2006)
https://projecteuclid.org/euclid.ba/1340371048: “Prior distributions for variance
parameters in hierarchical models (comment on article by Browne and Draper)”.
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Gibbs sampling Multi-step

Gibbs sampler for normal hierarchical model

Here is a possible Gibbs sampler for this model:
@ Forg=1,...,G, sample 05 ~ p(bg|---).
e Sample 02 ~ p(c?|---).
e Sample p ~ p(ul---).

e Sample 72 ~ p(7?|---).

How many steps exist in this Gibbs sampler? G+37 47
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Gibbs sampling  [EESIED)

2-Step Gibbs sampler for normal hierarchical model

Here is a 2-step Gibbs sampler:
1. Sample 6 = (61,...,06) ~ p(f]---).
2. Sample p, 02,72 ~ p(p,0%,7%| ).

There is stronger theoretical support for 2-step Gibbs sampler, thus, if we can, it is prudent to
construct a 2-step Gibbs sampler.
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Sampling ¢
Sampling 6

The full conditional for @ is

p(@‘ T ) X p(97 s 027 7—2’5/)
o p(y|0,%)p(Blp, 7%)p(1; 0%, 72)
o p(y|0,2)p(0]p, %)
= H§:1 P(yelbe, Uz)P(Gg‘Na 7%)

where v, = (y1,4,-- -, Yng.g)- We now know that the g are conditionally independent of each
other.
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Sampling 0g
Sampling 0,

The full conditional for 04 is

p(Ogl---) o p({glﬂg, o?)p(Og|p, 72)
= Hiil N(yig; Og, 02)N(9g? M, 7'2)

Notice that this does not include 6,/ for any g’ # g. This is an alternative way to conclude
that the 0, are conditionally independent of each other.

Thus .
n
9g| RN N('ug77'g2)

where

ng =[r72+ ngo=3!

pg = T2luT % +Yengo 2]

- _ 1g ng

Ye =g >iz1 Yig-
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Gibbs sampling Sampling p, 02, 72

Sampling 1, 02, 72

The full conditional for i, 02,72 is

p(p, 02,72 ---) o p(yl0, a2)p(0]p, 72)p(1)p(0?)p(72)
= p(y]0,%)p(c?)p(0] 1, 72)p (1) p(72)

So we know that, conditional on 6 and y, o2 is independent of 1 and 72,
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S TG e
Sampling o2
Recall that
e % N(6g,0) and p(0?) x 1/02.

Thus, we are in the scenario of normal data with a known mean and unknown variance and
the unknown variance has our default prior. Thus, we should know the full conditional is

To derive the full conditional, use

p(o?]--+) oIS, H,-";(aZ)—W exp (— 52 (vig — 0g)%) =
= (o?)7"/2~ leXP( Zg 1 i (vig — 0g)° U2>

which is the kernel of a IG (g, % Zg 1 Z, LVig — )2>
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Sampling u, 72

Recall that .
05 % N(u,72) and p(u, 72) o< Ca*(7;0, C).
This is a non-standard distribution, but is extremely close a normal model with unknown mean and
variance with the standard non-informative prior p(y, 72) oc 1/72 or the conjugate
normal-inverse-gamma prior.
Here are some options for sampling from this distribution:
@ random-walk Metropolis (in 2 dimensions),

@ independent Metropolis-Hastings using posterior from standard non-informative prior as the
proposal, or

@ rejection sampling using posterior from standard non-informative prior as the proposal
The posterior under the standard non-informative prior is
72|~ Inv-x?(G — 1,57) and p|7?,... ~ N (0,7°/G)
where § = 2 5°° | 0, and 53 = <15 (0 — )% What is the MH ratio?
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Sampling 1, 72 Summary

Markov chain Monte Carlo for normal hierarchical model

1. Sample 8 ~ p(0]---):
a. Forg=1,...,G, sample 6, ~ N(ug,Té).
2. Sample u, 02, 7%
a. Sample 02 ~ IG(n/2, SSE/2).
b. Sample 1, 72 using independent Metropolis-Hastings using posterior from standard
non-informative prior as the proposal.

What happens if 6, nd La(y,7) or g nd t, (1, 72)?
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Scale mixtures of normals

Scale mixtures of normals

Recall that if

then
6~ N(m,V+ C).

This is called a location mixture.

Now, if
0|¢ ~ N(m, Co)

and we assume a mixing distribution for ¢, we have a scale mixture. Since the top level
distributional assumption is normal, we refer to this as a scale mixture of normals.
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¢ distribution
t distribution

Let
Ol ~ N(m,¢C) and ¢ ~ IG(a, b)
then
p(9) = [p(8]o)p(d)de
(2,R_\Fc)71/2%f¢71/2ef(07m)2/2¢C¢7(a+1)efb/¢d¢
= (2rC) V2L f¢,(a+1/2+1)e,[b+(9,m)z/2q/¢d¢
(

T i)
~1/2 b? at
27TC) / T'(a) [b+(0—m)2/2C]a+1/2

F([23+1]/2) |:1 n 1 (e_m)2i| _[23+1]/2
I'(2a/2)+/2anbC/a 2a bC/a
Thus
0 ~ tra(m, bC/a)
i.e. 0 has a t distribution with 2a degrees of freedom, location m, scale bC/a, and variance

bC
a—1"
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Scale mixtures of normals t distribution

Hierarchical t distribution

Let m=pu, C=1,a=v/2 and b=1v72/2, ie.

016 ~ (i1, 8) and 6 ~ 1G(v/2,u72/2).

Then, we have

0~ l“u(H, 7_2)’

i.e. a t distribution with v degrees of freedom, location s, and scale 72.

Notice that the parameterization has a redundancy between C and a/b, i.e. we could have
chosen C =72, a=v/2, and b = 1//2 and we would have obtained the same marginal
distribution for 6.
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Scale mixtures of normals t distribution

Laplace distribution

Let
| ~ N(m, pC?) and ¢ ~ Exp(1/2b?)

where E[¢] = 2b and Var[¢] = 4b*. Then, by an extension of equation (4) in Park and
Casella (2008), we have

(0) = 5z
POI=5%a° 7

This is the pdf for a Laplace (double exponential) distribution with location m and scale Cb
which we write

0 ~ La(m, Cb).

and say 6 has a Laplace distribution with location m and scale Cb and E[#] = m and
Varld] = 2[Ch]? = 2C2b2.
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Scale mixtures of normals t distribution

Hierarchical Laplace distribution

Let m=pu, C=1and b= e
0l¢ ~ N(p, ¢) and ¢ ~ Exp(1/277).
Then, we have

0 ~ La(p, ),

i.e. a Laplace distribution with location p and scale 7.

Notice that the parameterization has a redundancy between C and b, i.e. we could have
chosen C = 7 and b =1 and we would have obtained the same marginal distribution for 6.
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Normal hierarchical model

Normal hierarchical model

Recall our hierarchical model v

Yig ~ N(Gg,0'2)
forg=1,...,Gand i=1,...,n,. Now consider the following model assumptions:
ind

ind
9g|¢g ~ N(:U’u ¢g)’ (;Sg = 7-2 = eg ~ N(/},7T2)
ind ind ind
0g|¢g ~ N(,“v¢g)a ¢g ~ EXp(l/ZTZ) = Hg ~ La(:uaT)
ind

ind ind
6g|¢g ~ N(/’L7¢g)7 ¢g ~ IG(V/27 VT2/2) == Hg ~ tV(:u’a T2)

For simplicity, let's assume 02 ~ IG(a, b), . ~ N(m, C), and 7 ~ Ca* (0, ¢) and that o2, p,
and 7 are a priori independent.
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Gibbs sampling

The following Gibbs sampler will converge to the posterior p(0, o, 1, ¢, T|y):

1. Independently, sample 6, ~ p(fg] - - - ).
2. Sample p, 0,7 ~ p(p, o, 7|+ ):

a. Sample p~ p(p|---).
b. Sample o ~ p(o|---).
c. Sample 7 ~ p(7]---).

3. Independently, sample ¢g ~ p(¢g|---).

Steps 1, 2a, and 2b will be the same for all models, but steps 2c and 3 will be different.
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2
Sample 0

ind
Yig ~ N(Gg,a ) and 65 ~ N(p, ¢g)

p(0| .. .) X |:HgG 1 Hng e_(yig_eg)2/2o'2i| |:HgG 1 e—(@g—ﬂ)2/2¢g:|
o [T5=y [T17; &0 =06)"/20% e=(Osmn* 266

Thus 6, are conditionally independent given everything else. It should be obvious that

Ol -+ ~ N (1 &)

with

where y, = Z?il Yig/ng-
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g
Sample u

O % Ny, bg) and g~ N(m, C)

Immediately, we should know that

pl -~ N, C)

with
-1

c -(tre)
m —C’(Cm+zg 1¢ )
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MCMC o

Sample o2

Yie " N(0g,0%) and 0> ~ IG(a, b)

This is just a normal data model with an unknown variance that has the conjugate prior. The
only difficulty is that we have several groups here. But very quickly you should be able to
determine that

o2l ~ IG(d, b))

where c
/ 1 _ n
a —a+§ZgG:1ng—a+§
/ 1 ng i 2
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MCMC Distributional assumption for 65

Distributional assumption for 0,

ind ind
Yig ~ N(Gg,az) and g ~ N(u, ¢g)

¢g .:7_
¢ ™ Exp(1/272)
¢ " IG(v/2,v7?)2)

The steps that are left are 1) sample ¢ and 2) sample 72,
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L ¢

Sample ¢ for normal model

For normal model, ¢, = 7, so we will address this when we sample 7.
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L ¢

Sample ¢ for Laplace model

For Laplace model,

Oy ind N(u, ¢g) and ¢g < Exp(1/27' ),

so the full conditional is
G

H Og: 11, 6g ) Exp(dg: 1/272)

So the individual ¢, are conditionally independent with
pogl ) o< N(8g; 1, dg) Exp(dg; 1/272) o ¢g—1/2e—(0g—u)2/2¢ge—¢g/272

If we perform the transformation ny = 1/¢,, we have

(0g—1)?

1
e~ 32

3/24” ”

p(itg|---) o< ng

which is the kernel of an inverse Gaussian distribution with mean /1/72(6, — )2 and scale 1/72 where
the parameterization is such that the variance is 3/ (different from the mgcv: :rig parameterization).
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L ¢

Sample ¢ for t model

For the t model, , )
Og " N(u, ¢g) and &g % 1G(v/2,v7)2),

so we have

in 1 2 6. — 2
¢g|...ﬂlg<v42_ 7‘/7' +(2g M))

Since this is just G independent normal data models with a known mean and independent
conjugate inverse gamma priors on the variance.
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MCMC T

Sample 7 for normal model

Let )
Oy nd N(p,7%) and 7 ~ Ca™ (0, c)
and 1 = 72. The full conditional is

pn| ) oy~ 62 Xanaemn /20 (1 4y ) 7H 712,

Let's use Metropolis-Hastings with proposal distribution
G

* G-1 (eg_/"’)z
"NIG< 2 > 2 )

g=1

and acceptance probability min{1, p} where

B (1+n*/c2)71 1490/
(1+n0/c2)™h THn/e

where 7() and n* are the current and proposed value respective.
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MCMC T

Sample 7 for Laplace model

- ¢g ~ Exp(1/27%) and 7 ~ Ca™ (0, c)
so the full conditional is
p(n|--)oxn Ce” Yeo1 be/2n (1+77/C ) n~ Y2
Let's use Metropolis-Hastings with proposal distribution
G

n* ~IG Z?g

and acceptance probability min{1, p} where again

C 14p@/c2
14t/
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MCMC T

Sample 7 for t model

Let
¢g ~ 1G(v/2,v7?/2) and T ~ Ca™ (0, c)

so the full conditional is
p(i]-++) o /2B i 5 (14 /) 2

Let's use Metropolis-Hastings with proposal distribution

G
. Gv+11 1
e Oy
2 2444
and acceptance probability min{1, p} where again
1+ n\)/c?
T 14t/

Then we calculate 7 = /7).
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MCMC Point-mass distributions

Dealing with point-mass distributions

We would also like to consider models with
ind
Og ~ moo + (1 — )N (1, dg)

2 corresponds to a normal and

where ¢g = T

g % 1G(v/2,v7?/2)

corresponds to a t distribution for the non-zero 6.

Similar to the previous, the 6 are conditionally independent. To sample ¢, we calculate

7_[.l — WH;El N(}’ig;070'2)
7r1_[,'51 N(Yig?()v‘l"2)+(1_7r) Hi§1 N(Yig;ﬂv¢g+0'2)

% =5+ )
iy =0 (Lu+ %)
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MCMC Point-mass distributions

Dealing with point-mass distributions (cont.)

Let .
05 7o+ (1 —7)f(0g)

and 7 ~ Beta(s, ).

The full conditional for 7 is

G G
g=1 g=1

and i and ¢z get updated using only those 6, that are non-zero.
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MCMC Point-mass distributions

Dealing with point-mass distributions (cont.)

Updating 1, ¢g, and 7 will be very similar. Specifically,

°
pl -~ N(m', C')
with
¢ =(t+x% i)fl
C 8:0570 ¢
m =C(ifm+Y Lo
& g:057#0 ¢, "8 ) 7
° g

o if 05 =0, then ¢, from the prior
o if 0y # 0, then ¢, from its conditional distribution

@ 7 will be the same as before
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