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Multinomial distribution

Categorical distribution

Let Z ~ Cat(H,p) represent a categorical distribution with
e P(Z=h)=ppforh=1,...,H and
° Zthl pn =1

Example: discrete choice model

Suppose we have a set of H categories and we label these 1,..., H.
Independently, consumers choose one of the H categories with the same

probability. Then a reasonable model is Z; ind Cat(H,p).
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Multinomial distribution

Multinomial distribution

If we count the number of times the consumer chose each category, i.e.

n

Y=Y 1(Zi=h),

i=1
then the result is the multinomial distribution, i.e. Y ~ Mult(n,p). The
multinomial distribution has probability mass function

H
n!
Yn
plysn,p)= —F"" p
=

which has
o E[Y)] = npi,
o V[Yi] = npi(1 —p;), and
o CoulY;,Y;] = —np;p; for (i # j).

A special case is H = 2 which is the binomial distribution.
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Dirichlet distribution

The Dirichlet distribution (named after Peter Gustav Lejeune Dirichlet),
i.e. P~ Dir(a), is a probability distribution for a probability vector of
length H. The probability density function for the Dirichlet distribution is

H
(a1 +---+ap) ap—1

L(a1)---T(ag) h:1ph

p(P;a) =

where p, > 0, Zthl pp, = 1, and concentration parameters aj > 0.

Letting ag = Zle ap, then some moments are
o Elpn] = g,
_ an(ao—an)
o V[ph] - a%(a0+1) ’
e Cov(pn,pr) = _ag‘(lg(‘)lj_l)

551:11{ for aj, > 1.
A special case is H = 2 which is the beta distribution.
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e mode(py) =




Conjugate prior for multinomial distribution
Conjugate prior for multinomial distribution

The Dirichlet distribution is the natural conjugate prior for the multinomial
distribution. If

Y ~ Mult(n, ) and m ~ Dir(a)

then
mly ~ Dir(a + y).

Some possible default priors are
@ a = 1 which is the uniform density over ,
e a = 1/2 is Jeffreys prior for the multinomial,
ea=1/H, and
@ a =0, an improper prior that is uniform on log(my,). The resulting
posterior is proper if y, > 0 for all h.
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Finite mixtures

Complicated distributions
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Finite mixtures

~

Let’s focus on modeling the univariate distribution for ¢

0.20+
0.15+
=
(%]
=4
38 0.104
0.05+
0.00+
0 4 8
phi
Jarad Niemi (STAT615@ISU) Finite mixture models

November 9, 2021 7/27



Finite mixture

A model for the marginal distribution for Y; = éz is

H
ind
AN § TN (th, o7t)
h=1

where ZhH:1 7 = 1.

Alternatively, we can introduce a latent variable (; = h if observation
came from group h. Then

ind
Y;Ki:Z Z'(L’ N(/‘Z’Uz)
i ind Cat(H, )

where ¢ ~ Cat(H,) is a categorical random variable with P({ = h) = 3,
forh=1,...,H and 7 = (71,...,7H).
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TR
A possible prior

Let's assume
m  ~ Dir(a)
ind
pulog, '~ N (mp, viop)
0,21 %d IG(Ch,dh)
and 7 is independent of u = (u1,...,un) and 0 = (0},...,0%).

Commonly, we have my = m, v, = v, ¢, = ¢, and dj, = d. If the data
have been standardized (scaled and centered), a reasonable default prior is

e m =20,
o v=1,
e c=2,

e d =4, (BDA3 pg 535) and
e ais 1/H (BDA3 pg 536).
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The steps of a Gibbs sampler with stationary distribution

p(m, 1,02, Cly) o p(yl¢, 1, o2)p(CIm)p(nlo®)p(o?)p()
has steps

1. Fori=1,...,n, sample ¢; from its full conditional (as the ¢ are conditionally independent across i):

P(¢; = hl...) < 7, N(yi; pons o)

2. Jointly sample 7 and p, o2 as they are conditionally independent.

a. Sample 7 ~ Dir(a + Z) where n = (Z1,...,Zy) and Zp, = 371 1(¢; = h).
b. Forh =1,...,H, sample up,, a%y from their full conditional (as these are conditionally independent across
h):
op BTG, dy)  pnlon RN (mi,,viZo})
where 2 5 )
U;} = (%/U;L+Zh)7
m/h =V (’mh/’Uh, + Zhyh)
¢,  =ca+ Zp/2
/ — 1 ) 7, )2 _Zn N\ — 2
dp  =dnt3 (Zugi:h(yz Tn)? + <1+Zh/v%,) @n — mn) >
— _1 .
Yh = Th Z'L:Ci:h Yi
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library("rjags")
jags_model = "
model {
for (i in 1:n) {
y[i] ~ dnorm(mulzetal[il], taulzetal[il]])
zetal[i] ~ dcat(pill)

for (i in 1:H) {
mu[i] ~ dnorm(0,1e-5)
tauli]l ~ dgamma(1,1)
sigmali] <- 1/sqrt(tauli])

pi ~ ddirich(a)

o

tmp = hat [sample(nrow(hat), 1000),]
dat = list(n=nrow(tmp), H=3, y=tmp$phi, a=rep(1,3))

jm = jags.model(textConnection(jags_model), data = dat, n.chains = 3)

r = coda.samples(jm, c('mu','sigma','pi'), 1e3)
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Convergence diagnostics

gelman.diag(r)

##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

gelman.diag(r, multivariate=FALSE)

##
##
##
##
##
##
##

Potential scale reduction factors:

mu[1]
mu[2]
mu[3]
pili]
pil2]
pil3]
sigma[1]
sigma[2]
sigma[3]

Multivariate psrf
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Convergence diagnostics (2)

plot(r, density=FALSE)
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JAGS
Prior distributions

The parameters of the model are unidentified due to label-switching, i.e.

" H
ind d
Y Y N (s oh) =Y mw N (o)
h=1 W=1

for some permutation h’.

One way to resolve this issue is to enforce identifiability in the prior. For
example, in one-dimension, we can order the component means:
pr < pg <o < pH.

To ensure the posterior is proper
@ Maintain proper prior for m

@ Ensure proper prior for ratios of variances
(perhaps by ensuring prior is proper for variances themselves)
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Two conditionally conjugate prior options

Option 1:

H
Dir(m;a)l(uy < -+ < pr) [ [ N(pnimn,vi IG(07; cn, dn)

h=1
Option 2:
H
Dir(m;a)l(pn < -+ < pmr) H N (p; mp, vios ) IG (075 cn, dy)
h=1
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library("rjags")
jags_model = "
model {
for (i in 1:n) {
y[il ~ dnorm(mulzetalil], taulzetal[ill)
zetal[i] ~ dcat(pill)

}

for (i in 1:H) {
muO[i] ~ dnorm(0,1le-5)
tauli] ~ dgamma(1,1)
sigma[i] <- 1/sqrt(taulil)

mu[1:H] <- sort(mu0)
pi ~ ddirich(a)

3

jm = jags.model(textConnection(jags_model), data = dat, n.chains = 3)
r = coda.samples(jm, c('mu','sigma','pi'), 1e3)
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Convergence diagnostics

gelman.diag(r)

## Error in chol.default(W): the leading minor of order 6 is not positive definite

gelman.diag(r, multivariate=FALSE)

##

Jarad Niemi (STAT615@ISU)

Potential scale reduction factors:

mu[1]
mu [2]
mu[3]
pil1]
pil[2]
pil3]
sigmal[1]
sigmal[2]
sigmal[3]

Point est.

ilg

1
1
1
s
1
1
1
1

20

Upper C.I
1.68
.05
.01
.30
.08
.01
.75
.06
.01

e

Finite mixture models

November 9, 2021

17 /27



Convergence diagnostics (2)

plot(r, density=FALSE)
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Posterior on data density

density

Jarad Niemi (ST

Finite mixture models November 9, 2021 19 /27



Group membership

Group membership can be obtained using the (;, e.g.

M
P(gene i in cluster b) = P(¢; = hly) =~ > 1 <<.<m> - h) _

## parameter pil p2 p3
## 1 zeta[1] 0 0.001000000 0.9990000
## 2 zeta[10] 0 0.001333333 0.9986667
## 3 zeta[100] 0 0.003666667 0.9963333
## 4 zeta[1000] 0 0.007333333 0.9926667
## 5 zeta[101] 0 0.030333333 0.9696667
## 6 zeta[102] 0 0.785000000 0.2150000
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Clustering
Clustering

Genes can then be clustered by assigning them to a group based on their
posterior probabilities of group membership, i.e. for gene ¢, we assign the
group according to

argmax,, P((; = hly).

Unfortunately clustering is extremely sensitive to the parametric model
chosen, e.g. normal in this example, and the cluster could change
dramatically with a different choice, e.g. t.
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Choosing H
Choosing H

When using finite mixture models one of the key choices is to choose H,
the number of clusters.

@ A Bayesian approach would place a prior on H, e.g. a Poisson or
truncated Poisson, and then use reversible jump MCMC to estimate
it.

@ A more pragmatic approach is to start with a small H and then
determine whether there is some feature of the data that is not being
adequately addressed, e.g. via posterior predictive pvalues.

@ An empirical Bayes finds an MLE (or MAP) via

H = argmaxyp(y|H) = /p(y\ﬂ,u,UQ,H)p(mu, o*|H)drdpdo®

and then condition on H in the analysis. Typically this MLE (or
MAP) is found via the EM algorithm.
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T S G
Multivariate density estimation
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Finite mixture

A model for the joint distribution for Y; = (¢;,¢) " is

H
ind
Y; "X E TN (i, L)
he1

where ZhH:1 7 = 1.

Alternatively, we can introduce a latent variable (; = h if observation
came from group h. Then

ind
YilGi = 2 % N(pz, %)
i ind Cat(H, )

where ¢ ~ Cat(H,) is a categorical random variable with P({ = h) = 3,
forh=1,...,H and 7 = (71,...,7H).
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TR
A possible prior

Let's assume

m ~ Dir(a)
ind
] Eh ZQ Np(mp, vi %)
S R IW Dy, cn)

where ¢, > p — 1 is the degrees of freedom and D is the scale matrix. The
mean of this distribution is Dy, /(cp, —p — 1) for ¢ > p+ 1.
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The steps of a Gibbs sampler with stationary distribution

(7, 1, 3, Cly) o< p(yl¢, p, B)p(¢lm)p(p|Z)p(E)p(m)

has steps

1. Fori=1,...,n, sample ¢; from its full conditional

P(¢; =h|...) o< mpN(ys5 bp, Xn)

2. Jointly sample 7 and p, o2 as they are conditionally independent.

a. Sample m ~ Dir(a+ Z) where Z = (Z1,...,Zyg) and Zp, = 37 I(¢; = h).
b. Forh =1,...,H, sample up, X}, from their full conditional

ind

’ ’ ind ’ 2
Sy o~ IW(Dj,cp) ppl|Sp ~ N(mp, vy 3Bp)

where

v = (1/2/1;% + ZZh)*1

m;L = Uh (mh/vh + ZnYn)

cy, =cq+ Zp

’ _ — — \T Zy, — — T

D, =Dp+ Zi:(i:h(yi —Tp)(ys —Tp) + (m) (Tn — 1r)(Tp — pn)
— 1 .

Uh = 7y 2ig=h Vi
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library("rjags")
joint_mixture_model = "

model {
for (i in 1:n) {
yli,1:p] ~ dmnorm(mul,zetalil], Taul,,zetalil])

zeta[i] ~ dcat(pill)

for (h in 1:H) {
mu[l:p,h] ~ dmnorm(muO,Taul,,h])
Tau[i:p,1:p,h] ~ dwish(D[,],c)
Sigma[1l:p,1:p,h] <- inverse(Taul[,,h])

pi ~ ddirich(a)

o

tmp = hat[sample(nrow(hat), 1000),]

dat = list(n=nrow(tmp), y = tmp[,c('phi','psi')], p=2, H=10)
dat$a = rep(1/dat$H, dat$H)

dat$D = diag(1l, dat$p)

dat$c = dat$p+i

dat$mu0 = c(3,0)

jm = jags.model(textConnection(joint_mixture_model),
data = dat,
n.chains = 3)

r = coda.samples(jm, c('pi','mu','Sigma'), 1e3)
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