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Definition
Bayes' rule is

P(Bl|A)P(A)

PAIB) = =5

In this rule, B represents what we know about the world and A represents
what we don't.

Suppose p(0y,1|y1:4—1) is our current knowledge about the state of the
world. We observe datum g then

(00, Blyne) = POl VP Ylyran)
p(Yely1:e—1)

where y1.t = (y1,92, -+, Yt).
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State-space models Definition

Definition
A state-space model can be described by these conditional distributions:
@ an observation equation: p,(y¢|0¢, 1),

@ an evolution equation: pe(6¢0;—1,v), and

@ a prior p(6p, ).

where

@ y;: an observation vector of length m
@ 0;: a latent state vector of length p

@ 1. a fixed parameter vector of length ¢
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State-space models Graphical representation

Graphical representation

OO0
T 7
SCNONCE

° p(etwwf—h 1/1)
° p(yt\Gt,w)
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State-space models Interpretation

Interpretation

Model State interpretation

Local level model True level

Linear growth model True level and slope

Seasonal factor model Seasonal effect

Dynamic regression Time-varying regression coefficients
Stochastic volatility Underlying volatility in the market

Markov switching model Influenza epidemic on/off
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Examples
Stochastic volatility
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State-space models Examples

Markov switching model
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Inference
Inference
Definition

The state filtering distribution is the distribution for the state conditional on all
observations up to and including time ¢, i.e.

p(0t|y12t7¢) = P(9t|yl»y27 s 7yt7¢)'

Definition
The state smoothing distribution is the distribution for the state conditional on all
observed data, i.e.
p(Oilyr.r, ) = p(Oilyr, y2, - .. yr, ¥)
where t < T

Definition
The state forecasting distribution is the distribution for future states conditional on all
observed data, i.e.

p(Or+rlyrr, ) = p(Or+klyr, y2, .- -, y7, )

where k£ > 0.
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State space models Inference

ONONO
T 7
ROROROL

o Filtering
@ Smoothing

o Forecasting
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Filering
Filtering

Goal: p(6¢|y1:+) (filtered distribution)
Recursive procedure:

@ Assume p(0;—1]y1:¢—1)
@ Prior for 6

p(0tly1:e—1) = /P(etvet—l‘yl:t—l)det—l

/P(et‘et—la Y1:4—1)P(0t—1ly1:¢—1)dOt 1

/P(Qt\9t71)P(9t71|y1;t71)d9t71
@ One-step ahead predictive distribution for y
p(ytly1:e—1) = ./p(ytveﬂyl:t—l)dot
= ‘/P(ytwtayl:t—l)P(et‘yl:t—l)det
= /P(yt\et)P(thth—l)th
@ Filtered distribution for 6
P(yelfe, y1:0—1)PO¢ly1:e—1) _ P(elfe)p(O¢ly1:e—1)

p(0t|y1:t) = =
p(yelyr:e—1) p(ytly1:e—1)

Start from p(6y).
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Smoothing
Goal: p(O¢|lyr:7) fort < T

@ Backward transition probability p(0:|0:+1, y1.7)
p(0el0sv1,y1:7) = p(BelOry1,yr:e)
P(Or+110t, y1:)p(0¢ |y1:t)
P(0c11ly1:t)
P(Or1110:)p(0¢|ya:t)
p(Oe+1]yr:e)
@ Recursive smoothing distributions p(0:|yi.7) assuming we know p(0¢+1|y1.7)

p(0clyrr) = /p(Ht,0t+1|y1:T)d9t+1

/p(0t+1|y1:T)p(9t|9t+17yl:T)d0t+1

0 (7 0 .
/p(0t+1|y1;T)p( z+1| t)P( t|y1.t)d0t+1
p(9t+1|y1;t)

P(0i+110t)
pOse) [ FEE 00y

il a
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State-space models Forecasting

Forecasting

Goal: p(yr+k, Or+k|y1:7)

P4k, 074k |Y1:7) = P(Yr 11|07+ 8)P(OT 1|91 7)

Recursively, given p(014 (k—1)|y1:1)

p(Or+xly1:7) /p(9T+k79T+(k—1)|y1:T)d9T+(k—1)

/p(eT-HﬂwTJr(kfl)ayl:T)p(eTJr(kfl)|y1:T)d9T+(k71)

/p(9T+k|9T+(k—1))P(9T+(k—1)\ylzT)d9T+(k—1)

Start with k = 1.
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State inference

Outline
1. State-space models 3. State and parameter inference
p(yl0,)p(6]+)) p(0,¢ly)
o Definition e Bootstrap filter
° Termi.nology o Kernel density
o Notation

o Sufficient statistics

2. State inference p(6|y, 1)) 4 Advanced SMC

e Exact inference

e Importance sampling o SMC-MCMC
e Sequential importance o Fixed parameter

sampling e SMC for marginal likelihood
° Bootstrap filter - resampling calculations

Auxiliary particle filter
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State inference Exact inference

Exact inference

Our goal for most of today is to find filtering methods.

o We assume p(6;—1|y1.4—1) is known
@ and try to obtain p(6¢|y1.1) using
© p(04]0:—1) and p(ye|6:).

Then, starting with p(6o|yo) = p(6p) we can find p(6;|y1.) for all ¢.
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State inference Exact inference

There are two important state-space models when the filtering updating is
availably analytically:

@ Hidden Markov models

@ Dynamic linear models
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Exact inference
Hidden Markov models
Definition

A hidden Markov model (HMM) is a state-space model with an arbitrary

observation equation and an evolution equation that can be represented by
a transition probability matrix, i.e.

p(Or = jl0r—1 = 1) = pij.

Filtering in HMMs
Suppose we have a HMM with p states. Let ¢; = p(6;—1 = i|y1.4—1), then

p
PO = jlyre—1) = > aipi
i=1

(0 = jlyre) o p(yel0e = 7)p(0r = jly1:1—1)-

nl than n. — a;
Sequential Monte Carlo December 8, 2021 17 /72
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State inference Exact inference

Definition

A dynamic linear model (DLM) is a state-space model where both the
observation and evolution equations are linear in the states and have
additive Gaussian errors and the prior is Gaussian, i.e.

Yy = Fi0 4+ vy v ~ N(0,V;)
0; = Gibi—1 +wp wy ~ N0, Wy)
90 ~ N(mo, C())

where vs, wy, and 6y are independent of each other and mutually
independent through time.

@ Kalman filter

o Kalman smoother
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Suppose 6;—1|y1:t—1 ~ N(my—1,Ci—1) , then
@ The one-step-ahead prior distribution for 0; is 0;|y1.4—1 ~ N(a¢, Ry)
where
at = E(Qt\yl:t—l) = Gymy_1,
Rt = Var(@t]ylzt_l) = GtCt—lGé + Wt.

@ The one-step-ahead predictive distribution for y; is
Yelyr:t—1 ~ N(fr, Q¢) where

ft = E(ytlyii—1) = Fras,
Q: = Var(ylyiu—1) = FLRF{ + V,.

@ The filtering distribution of 6, is 0;|y1.+ ~ N(my, C;) where
my = E(Oiyie) = ar + RtFt/Qt_len
Cy = Var(Belyis) = Ry — RiF|Q; ' FyRy,

where e; = y; — f; is the forecast error.
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State inference NI

Test model:

ye = Or+u

b = a+pB0i1+w
vy ~ N(0,V)

we ON©O,W)

6y ~ N(mo,Cp)
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State inference NI

Assume

Jarad Niemi (STAT615@ISU)

9t—1|y1:t—1

Ocly1:6—1
Qg

R,
yt|y1:t71
fi

Q1

9t|y1:t

Ct

my

Sequential Monte Carlo

~ N(my_1,Ci_1)
~ N((It,Rt)

= a+pBm
B2Ci_1 + W

~ N(ftth)
= at
R,+V

~ N(mt,Ct)
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State inference |EEITERT]

Kalman filter updating

8,
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State inference |EEITERT]

Dynamic linear models are a rich class of models:
@ Trend

Seasonal

Dynamic regression

ARIMA

Seeming unrelated time series equations

Seemingly unrelated regression models

Hierarchical DLMs

Multivariate ARMA models

@ Petris, Petrone, Campagnoli. (2009) Dynamic Linear Models with R.

e West and Harrison. (1997)
Bayesian Forecasting and Dynamic Models.
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SIEICRNIEIENIIN  Approximate inference

Approximate inference

HMMs and DLMs are the main classes of models with closed form
updating of the filtering distributions.

Generally, no closed form expression exists and we must use an
approximation.
@ Numerical approximations
Extended Kalman filter
Bound optimal filter
Gaussian sum filter
Quadrature filter
@ Monte Carlo approximations

o Markov chain Monte Carlo (MCMC)
o Sequential Monte Carlo (SMC)

o Bootstrap filter

o Auxiliary particle filter
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SIEIANECICI  Monte Carlo sampling

Suppose we want to approximate some density f(6), e.g. p(0|y1.¢). Draw
samples from f(6).

n=100 n=1,000 n=10,000

9 29 2
= 4 =4
3 3
4 4
bR -
54 5
o] s

3 -2 -1 0 1 2 3
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Suppose Z ~ N(0,1) and we are trying to estimate

ind

P(Z > 1) ~ 0.1586553. If Z; "% N(0,1), then
1 J
P(Z >1) 1(Z; > 1)

is a standard MC approach.

2 P
# Samples P(Z > 1) 3 0/
10 0.10 % |
100 0.15 g o
1000 0.158 & o |
10000 0.1636 =R
100000 0.15846 =
° ; . L

I nn 10 Af niimhar of camnlac
Jarad Niemi (STAT615@ISU) Sequential Monte Carlo December 8, 2021 26 /72



IS
Sequential MCMC

Suppose we want to sample from

p(Orr1|y1as1) = /p(90;t+1!y1;t+1)d90;t-

An MCMC approach says to iterate through draws of full conditionals, e.g.

05 ~ p(es‘ylzta 9—8) = p(as’y& 95—17 95-{-1)

where 0_; indicates 6y.; with the s component removed and
§=0,1,2,...,1.

Now, you just obtained y;4+1. You need to redo the analysis, e.g.
08 ~ p(93|ys, 93717 93+1)

fors=0,1,2,...,¢,t+ 1.
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State inference Importance sampling

Importance sampling

Suppose we want to approximate some density f(0), e.g. p(0;|y1.¢), but

we cannot simulate from f(6). Draw 6; nd g(0) and give each draw a

weight w; = 1(8:)
T g(8s)
Cauchy-Normal Normal-Cauchy Normal-t_15
2.0
. .
i
'; !
- ! !
15 l‘ ! /\\\ /,\\‘
! | I ) .
1 | Vo variable
] ! 1
%‘ ! ! \ ~ target
g 10 i + 1 ST |
\ B \ / \ -+ proposal
© i, | ! \ -
VNS X ! \ ratio
7 '\ 1 \
051 : / \
! / \
\ B P |
/ \
! \
/ \
/ \
/ \
004 === e L. Lo N N
. . g . . . L . g . .
-50 -25 00 25 50-50 -25 00 25 50-50 -25 00 25 50
X
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State inference Importance sampling

Suppose we are trying to estimate E[f] when 6 ~ to. We draw samples

from 6; ~ N(0,0.5%) and give a weight w; = % to each sample.

™ o xi
* o E[X]
e weights
~
: o
o
o o o o
o o o ° o
= o
- o
o o
o - o
% o
X o A
o e e
o o
e} © o
o o
< |
|
o~
' Qg o 0o o0 0O
a
P 4 e 00 s e s e 0o ® o 0 0 0 0
T T T T T
0 5 10 15 20
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State inference Importance sampling

Suppose Z ~ N(0,1) and we are trying to estimate
P(Z > 4.5) = 3.398 x 1076 If Z; ~ N(0,1), then

J
Z (Z; > 4.5)

is a standard MC approach. If J=100,000 usually the indicator function is
all zeros.

P(Z > 4.5) ~

k'\H

Jarad Niemi (STAT615@ISU) Sequential Monte Carlo December 8, 2021 30/72



State inference Importance sampling

Suppose Z ~ N(0,1) and we are trying to estimate
P(Z > 4.5) =~ 3.398 x 1076. If §; ~ Exp(1) + 4.5, then

(0:;0,1)
P(Z > 4. i > 4.
(Z>45) JZExp9—45 )(9> 5)

is an importance sampling approach.
# Samples P(Z > 4.5)[x1079]

10 3.53
100 2.95
1000 3.32
10000 341
100000 341
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State inference Importance sampling

Importance sampling summary

Importance sampling summary:

@ Importance sampling can be vastly superior to Monte Carlo sampling.
@ When we are trying to estimate an entire density, we want the

o tails of our proposal density to be heavier than our target density and
o the proposal density to be as close to the target density as possible.
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SISO Sequential importance sampling

Suppose we have a general state-space model

p(ye|0:)
P(0¢]0:-1)

and a current filtered distribution p(68:—1|y1:¢—1). Our goal is to approximate p(6¢|yi:¢)-

o8 p(yt ‘et)p(etwl:t—l)

p(Oc|yr:e-1) = /p(9t|9t—1)p(0t—l|y1:t—1)d9t_1

Let
p(yt|9t)p(9t\y1;t—1)
0 = 0 i) =
1(0r) p(0¢|y1:t) P(yelyar)
g(0:) =
f(@t) p(yt|9t)p(0t|y1:t—1)
= 0
00 < Pl Pwl®)
9,@1 ~  p(Oi—1|y1:t—1)
0~ p(6u0”;)
wi” oc p(yof”)
J
pOlyre) ~ > ws,

The pair (wii),ﬁii)) is called a particle.
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SISO Sequential importance sampling

Sequential importance sampling

Sequential importance sampling procedure:

1. Suppose we have a particle approximation to our density at time
t—1, ie.

J
~ @ s
P(Or1lyne-1) ~ ;wt_ldggl-
2. Forie{1,2,...,J}
a. Sample Ht(i) ~ p((‘)t\ﬂt(i)l)

b. Set w'” oc w'™ p(y,|0{”)

3. We now have a particle approximation to our density at time ¢, i.e.

p(Oelyr:t) Z wy” JICE
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Sequential importance sampling
Sequential importance sampling (SIS)

25

15

Xt
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SISO Sequential importance sampling

SIS summary

Sequential importance sampling (SIS) summary:
@ Positives
@ As the number of particles J increases, the accuracy increases.
o Negatives

e Inference is dominated by a few particles with high weight
e Many particles are kept that are irrelevant

Why don’t we eliminate particles with low weight in favor of particles with
large weight?
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SIEVCMIEEIICIl  Sequential importance sampling with resampling

Let’s approximate p(6;—1|y1.+—1) by sampling with replacement

proportional to the weights wf;l:

i |12 J
pOr_ayra-1) ~ { w”, | 0.02 0.05 0.03
6%, 11.91 0.63 —0.12
i1 2 J
p(Or—1ly1:4-1) = wg?l 1/J 1/J 1/J
0 10.63 0.63 —0.12

Jarad Niemi (STAT615@ISU)

Sequential Monte Carlo

December 8, 2021

37/72



State inference Sequential importance sampling with resampling

(Gordon, Salmond, and Smith 1993)

Sequential importance sampling with resampling (SIR) procedure:

1. Suppose we have a particle approximation to our density at time
t—1, e

J
p(Or—1|y1:e-1) = z; wﬁ’_)ld@ﬁ)l.
=

2. Forie{1,2,...,J}
a. Sample j € {1,2,...,J} with probability wﬁjjl
b. Sample G,Ei) ~ p(Qt\F)Ql)
c. Set wt(i) x 1p(yt|0t(i))
3. We now have a particle approximation to our density at time {, i.e.

J
pO:lyre) = Y wi’s 0.

- t
=1
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State inference Sequential importance sampling with resampling

Sequential importance sampling with resampling (SIR)

m p—
N p—
X + Data
H p—
¢ Truth
o - ® Particles
T T | T T T
0 2 4 6 8 10
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State inference Resampling

(Douc, Cappé, and Moulines 2005)

Constraints on resampling:
o Number of resulting particles (.J) is fixed
@ Resulting weights are uniform (1/.J)
o Number of repeats is unbiased (E[N;] = Jw?))

Schemes that meet these requirements:
@ Multinomial sampling
@ Residual sampling
@ Stratified sampling

@ Systematic sampling
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State inference Resampling

Multinomial sampling

1. Draw Un,...,U; ™ Unif(0,1)
2. Invert cumulative sum of weights

Cumulative sum of weights
00 0.2 04 06 08 1.0

Index
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SN Resampling

Residual sampling

1. Keep nj = |Jw9) | repeats of particle j
2. Update remaining probability w()" o Jw() — n;
3. Multinomial sampling on remaining J — 23-]:1 n; particles with

probabilities w?)’

Cumulative sum of weights
00 0.2 04 06 08 1.0

T
0 2 4 6 8 10
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Stratiied sampling
Stratified sampling

1. Draw U; nd Unif (%,%) forj=1,2,...,J
2. Invert cumulative sum of weights

Cumulative sum of weights
00 0.2 04 06 08 1.0

o
()
I
o
o)

10
Index
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SISO Systematic sampling

Systematic sampling
1. Draw Uy ~ Unif(0,1/J)

2.SetUj =Uj_1+ 5 forj=1,2,...,J
3. Invert cumulative sum of weights

)

=

2 4

) o |

S o |, | :

B O | i !

= q° | {

IR N o

0 O | e |

2 1 e |

s -

S O | o

§C57\ T T T T I

O 0 2 4 6 8 10
Index

A counter example shows that this can be worse than stratified and

residual sampling.
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e
Resampling adds variability

Cumulative sum of weights
00 02 04 06 08 1.0

]

o
()
I
o
o)

10
Index
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SIEYCRNIEENIIN  \When to resample

Methods for determining when to resample

o Effective sample size

J -1
ESS = (Z(w(j))2>

i=1

o Coefficient of variation

7 1/2
CoV = ( Z(Jw(j) - 1)2>

i=1

<=

e Entropy

Ent = Zw” logy (w?))
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State inference When to resample

Dynamic resampling

1004 .

754

50

Effective sample size

254

Jarad Niemi (STAT615@ISU)
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SN Avoiding resampling

Better than resampling would be to avoid the need altogether

@ Resample-move (Gilks and Berzuini 2001)
e Auxiliary particle filter (Pitt and Shepherd 1999)
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SIEYCRNIEIENISIN  Avoiding resampling

Resample-move procedure:
1. Suppose we have a particle approximation to our density at time

t—1, ie.
71
p(9t71|y1:t 1 ;J (i) -

t—

2. Forie{1,2,...,J}
a. Sample j € {1,2,...,J} with probability proportional to p(yt\ﬁffi)l)
b. Sample 9,@ ~ p(et\et@l)

3. We now have a particle approximation to our density at time ¢, i.e.

P(O¢]y1:¢) Z 59(1)

Evaluating p(y|0:—1) requires solving the integral

p(ltr1) = / P(el00)p(01]60,1)d0,.

Jarad Niemi (STAT615@ISU) Sequential Monte Carlo December 8, 2021 49 /72



SIEYCRNIEIENISIN  Avoiding resampling

Auxiliary particle filter (APF) procedure:
1. Suppose we have a particle approximation to our density at time
t—1, ie.

J
P(Or-1ly1:e-1) = Zwt(l_)l%gl
=1

2. Forie{1,2,...,J}
a. Sample j € {1,2,...,J} with prob. proportional to wij)lp(yt\,ugj))
b. Sample 6" ~ p(6,)0%")))

(i) _ plyl6?)
c. Setw,” = "o o,

3. We now have a particle approximation to our density at time ¢, i.e.

gt‘ylt Zwt t7, .

/)

where 4\ is a point estimate of 6
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Avoiding resampling
Auxiliary Particle Filter (APF)

m —
N . : : ' ;
X : : , ’/ Data
— — )
[] ° 4 ]
: ¢ Truth
] H
44
o - i . ® Particles
T T | T T T
0 2 4 6 8 10
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SISO Summary

Summary of p(0y|y:, ¥):
@ Avoid particle degeneracy if possible

e Resample-move
o Auxiliary particle filter

@ When resampling

o Use either stratified or residual
e and only resample when necessary, e.g. ESS
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State and parameter inference

Outline
1. State-space models 3. State and parameter inference
p(yl0, ¢¥)p(01y) p(0,¢ly)
o Definition o Bootstrap filter
° Termi_nology o Kernel density
o Notation

) o Sufficient statistics
2. State inference p(6|y, 1))

o Exact inference

4. Advanced SMC

o Importance sampling o SMC-MCMC
e Sequential importance o Fixed parameter

sampling e SMC for marginal likelihood
e Bootstrap filter - resampling calculations

Auxiliary particle filter
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State and parameter inference

Unknown fixed parameters

What if the fixed parameters are unknown?
@ incorporate into state with degenerate evolutions, e.g. ¥ = ¥y_1
@ incorporate into state with evolutions, e.g. 1y = V1 + ¢
@ use kernel density approximation to regenerate parameter values
@ use sufficient statistics to regenerate parameter values

@ use Markov chain Monte Carlo to regenerate parameter values
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State and parameter inference

Unknown fixed parameters

Our goal has changed slightly

o We assume p(6i—1,¥|y1:4—1) is known
@ and try to obtain p(6, ¥|y1.¢) using
© p(0¢]0;-1,v) and p(y:|0;, ).

Then, starting with p(6o, ¥|yo) = p(6o, 1) we can find p(6y, 1 |y1.¢) for all t.
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Resampling with fixed parameters
Resampling with fixed parameters

Modify SIR to include fixed parameters:

1. Suppose we have a particle approximation to our density at time
t—1, ie.

J
P01, ¥lyre—1) =Y wt(z_)15(9t71,¢)(i)-

2. Forie{1,2,...,J}
a. Sample j € {1,2,...,J} with probability w(j)
b. Set ¢(") = ().
c. Sample 6 ~ p(6,107),, ().
d. Set wgi) o< p(yt|9§i),w(i)).
3. We now have a particle approximation to our density at time ¢, i.e.

PO, ¥[y:e) Zwt (00,1)(0) -
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State and parameter inference Resampling with fixed parameters

Reampling with fixed parameters

Test model:

ye = O+
0y = a+ P01+ w
uw ™ON(©,V)

we N0, W)
6o ~ N(mo,Co)

b= (B VW)
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State and parameter inference Resampling with fixed parameters

SIR with fixed parameters

- N -
o b4 ~
o H -
4 - h
H = o
97 «© | ‘
@ T T T T T T e T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
t t
[=2]
o v
S . —
i 8 |
&4 o S Il
07 4 g: g
I | S :
[S] T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
t t

(=)o)
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State and parameter inference Kernel density estimation

Clearly we need to regenerate parameter values. One idea:

@ Approximate our particle approximation by a kernel density
approximation

@ Draw new parameter values from this kernel density approximation

J
p@lye1) =~ Y w0
=1

Q

J
S wl? N(a® + (1 - a)y, h2V)
=1

—1\?2
1—a2:1—<37—>
2T

and 1 and V are the Monte Carlo estimate of the mean and covariance.
Sequential Monte Carlo December 8, 2021
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State and parameter inference Kernel density estimation

Kernel density approximation

0.99 0.85
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State and parameter inference Sufficient statistics

Sufficient statistics

Another idea:

@ Rather than storing draws of parameters, store sufficient statistics for
the parameters.

@ Suppose the model admits a sufficient statistic representation, i.e.

POy, 8¢, %ly1:e) = p(¥]se)p(Os, stlyi:t)-

@ Then, each particle stores a distribution for the parameters

@ and the sufficient statistics can be updated deterministically via

st = S(St—1,0t, 01, y1).
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State and parameter inference Sufficient statistics

For example, in our model

yr =0+ ve ~ N(0,V)
0 =a+p0i1+w w~NOW)
if
Vlyii—1 ~IG(ayi—1,byi—1)
a, B, Wlyiy—1 ~ N —IG(my—1,Si—1,aw—1, bw—1)
si—1 = (ave—1,bvi—1,me—1, Si—1, aw—1, bwe—1)
then

V‘yl:t ~ IG(CLV,n bv,t)
a, B, Wlyr.t,04,0i—1 ~ N —IG(my, St, awe, bwt)
St = (avﬂf? bV,t7 mg, St7 a/W,t7 bW,t)
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State and parameter inference Sufficient statistics

v w
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g 4
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1 E| e
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onT anT
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State and parameter inference Sufficient statistics

v w
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MCMC within SMC

Final idea for fixed parameter regeneration:

@ Stop the SMC algorithm

@ Perform one (or more) iterations of MCMC on each particle

@ Pros

e Does not affect SMC theory
o Will move fixed parameters around

e Cons

@ Requires entire data and state history
e If not, introduces bias

Jarad Niemi (STAT615@ISU) Sequential Monte Carlo December 8, 2021

65/72



State and parameter inference [EIIIIEY

Summary

Summary of p(0y,|y):
@ Regenerating fixed parameters is necessary

o When possible use sufficient statistics
o Otherwise use kernel density or MCMC step
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Advanced SMC

Outline
1. State-space models 3. State and parameter inference
p(yl0,)p(6]+) p(0,%ly)
o Definition e Bootstrap filter
o Terminology o Kernel density
o Notation o Sufficient statistics
2. State inference p(6|y, ) 4. Advanced SMC
. e SMC for marginal likelihood
e Exact inference )
| " i calculations
e mpor ar.1ce. sampling o Theoretical results for fixed
e Sequential importance parameters
sampling e SMC to generate Metropolis
e Bootstrap filter - resampling proposals
o Auxiliary particle filter
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Advanced SMC Marginal likelihood calculations

Marginal likelihood calculations

In Bayesian data analysis, model comparison and hypothesis testing involves the
marginal likelihood:

p(y) = / p(ylv)p(¥)dy

For example, Bayes' factors depend on the marginal likelihood of for both models:

o pWIMo) [ p(ylvo)p (ol Mo)dio
BEOD = 0R0) = Toulon)p(va M)dun

The marginal likelihood can be decomposed as

p(yrr) Hp Yelyr:e—1)
This can be approximated using SMC methods by

-5

(yt|y1 t— 1

k‘\'—‘

where ’LZJt(i) are the unnormalized weights.
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Advanced SMC Theoretical results

Theoretical results

For P(91:t|y1:t71/1), we have
p:| 1/p < @
VI

As long as we are only interested in a fixed time into the past, we can use
a constant number of particles and maintain accuracy.

E H/h(eT:TL)[ﬁ(GT:TLyl:T) —p(Or.r—Lly1.7)]dOT.7— 1

While for p(01.¢,%|y1.1), we have

p11/p
c(T
| <D
Vi
So, as time increases, we need more and more particles to maintain
accuracy.

H/ [p(lyrr) — p(Plyrr)]
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MCMC within SMC

How about using SMC to generate proposal draws for the states within a
Metropolis sampling scheme?

Particle Markov chain Monte Carlo methods

Christophe Andrieu,
University of Bristol, UK

Arnaud Doucet

Institute of Statistical Mathematics, Tokyo, Japan, and University of British Columbia,
Vancouver, Canada

and Roman Holenstein

University of British Columbia, Vancouver, Canada
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Summary of Summaries

Summary

o If your goal is p(0;|y1,v), then
o Analytically integrate anything you can
e Use a point estimate to reduce particle degeneracy
o Use stratified or residual resampling

o If your goal is p(6;,v|y1.¢), then
o Analytically integrate anything you can
o Use kernel density approximation to regenerate particles
o Use lots of particles
e Stop every once in a while and run MCMC

@ Lots of areas for open research

o Marginal likelihood calculation
o Theoretical results
e SMC for Metropolis proposals
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Computation

R::KFAS

R::dlm

R::pomp

R::SMC (not updated sinced 2011-12-11)

smcUtils (GitHub)

LiBbi 1ibbi.org/ (RBi https://github.com/sbfnk/RBi)
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